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PREFACE. 


THE  very  favourable  manner  in  which  a  work  upon  Tri- 
gonometry, on  a  plan  similar  to  the  one  now  presented  to  the 
reader,  was  received  by  the  University,  induced  the  Author  of 
that  work  to  make  the  present  attempt. 

The  principles  so  ably  enunciated  by  Mr.  Peacock,  in  his 
Treatise  on  Algebra,  have  been  adopted  as  the  basis  of  the  fol- 
lowing pages,  as  being,  in  the  Author's  opinion,  by  far  the  most 
clear  and  satisfactory  of  any  that  have  been  advanced  ;  and  he 
only  regrets  that  the  narrow  limits  of  an  abridgement  like  the 
present,  have  not  enabled  him  to  do  full  justice  to  that  excellent 
work. 

Most  of  the  approved  writers  on  the  Science  of  Algebra 
have  been  likewise  consulted,  and  wherever  fuller  information 
maybe  acquired  than  is  contained  in  this  book,  the  reference  hag 
invariably  been  made  in  the  text. 

The  present  work  contains  what  are  usually  called  ihefast 
and  third  parts  of  Algebra ;  that  is,  the  whole  of  the  science  ex- 
cept that  part  of  it  which  relates  to  the  Theory  of  Algebraical 


IV 


Expressions:  and  it  will  scarcely  be  necessary  to  remind  those 
who  are  acquainted  with  the  Author's  similar  work  on  Trigono- 
metry, that  the  following  pages  are  not  intended  as  an  Elemen- 
tary Treatise,  to  be  placed  in  the  hands  of  one  studying  Algebra 
for  the  first  time  ;  but  merely  as  a  work  containing,  in  a  com- 
pendious form,  all  the  theorems  and  principles  in  the  above 
divisions  of  the  science,  which  are  of  any  utility  in  the  more 
advanced  parts  of  Mathematics. 


LONDON,  August,  1834. 
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ADDENDA  AND  CORRIGENDA. 


*>AGE 

_l          i  w-pi 

3  After  line  2,  insert  the  following  explanation; — "  a'»  .  a»  is  equal  to  o  m»,  because 

it  has  been  shewn,  that  each  of  these  quantities  when  raised  to  the  rnn\  th  power 

=  aOT+n  ;  hence  the  quantities  themselves  must  be  equal."     A  similar  expla- 

l     t          j^ 
nation  will  suffice  for  the  equation  (a  "•)  *  =  am  B  ;  in  line  5. 

4  Line  6  from  the  bottom,  for  ( —  6)  -f  (  +  d)  read  (  —  b)  X  (  +  d). 
1 0  Line  1 2  from  the  bottom,  for  a  -Jx  +  b  v'y  read  a  ^x  x  &  ^H- 

14  Last  line,  for  "  being  any  number,"  read  "  n  being  any  number." 

17  Line  10  from  the  bottom,  for  —  read  -. 
b'  b 

48  In  the  enunciation  of  Art.  105,  for  "  greater"  substitute  "  less,"  and  for  "  less  " 
substitute  "  greater." 

95  Line  4  from  the  bottom,  for  .•.  a  =  — -  ,  read  .•.  A  =s  —  . 

Ji  o 

1 59  Line  7  from  the  bottom,  for  "  first  5  terms  of  the  4th  order,"  read  "  first  5  terms 
of  the  3rd  order." 


SYLLABUS 


OF 


ALGEBRA. 


DEFINITIONS   AND  PRINCIPLES. 

THE  term  Alyebra,  in  its  most  general  sense,  is  employed  to 
denote  the  science  of  general  reasoning  by  means  of  general 
symbolical  language. 

There  are  two  kinds  of  Algebra,  Arithmetical  and  Symbo- 
lical ;  and  as  the  latter  is  founded  upon  the  former,  we  will 
first  explain  the  Definitions  and  Principles  of  Arithmetical 
Algebra. 

SECTION  I. 
Definitions  and  Principles  of  Arithmetical  Algebra. 

1.  The  letters  of  the  alphabet  are  employed  to   denote 
numbers  or  magnitudes  admitting  of  numerical  representation. 

2.  The  signs  +  and  —  denote  the  Arithmetical  operations 
of  addition  and  subtraction  :  and  x  and  -~-  those  of  multiplica- 
tion and  division. 

3.  Multiplication  is  also  denoted  by  writing  quantities  with 
points  between  them,  thus  (a  .  b  .  c),  but  more  frequently  tho 
points  are  omitted. 

4.  Division  is  also  denoted  by  writing  the  dividend  over 
the  divisor  with  a  line  between  them,  as  (  j-  \ 


5.  The  addition  of  a  to  itself  m  times  is  denoted  by  m  a. 

6.  The  multiplication  of  a  by  itself  m  times  is  denoted 
by  am. 

7.  Hence  when  m  and  n  are  whole  numbers  «m  a"  =  a1""1"", 
and  (am)n  =  am". 

For  a™  .  a"  =  5a  .  a  .  a (witimes)^  x  ^n.a.a (ntimes)| 


—  a  .  a  .  a (m  +  n  times) 

—  am+n  by  the  notation  assumed  in  art.  6. 

Also,  (om)n  =  am  .  am  .  am (n  times) 

=  a  .  a  .  a (m  times)-\ 

x  a  .  a  .  a (m  times)  f  m  itself  being  re- 

x  a  .  a  .  a (m  times)  C  peated  n  times. 

x } 

=  a  .  a  .  a (m  n  times) 

=  amn,  by  assumed  notation. 

8.  One  quantity  is  said  to  be  the  square,  cube,  or  nth  root, 
of  another,  when  the  first  multiplied  by  itself  two,  three,  or  n 
times,  will  produce  that  other  quantity,  and  is  thus  denoted. 

/—        */~       nS       o 

V  a,    \S   a,    \S   a,  &c. 

.1 

9.  The  nth  root  of  a  quantity  a  is  also  denoted  by  a". 

1       JL  i    J.  *»•*•"  1    L  i 

10.  Hence  also  a",  a"  =  am  +  "—  amn  and  (am)  "  =  amn . 
For,  the  first  quantity  am .  a"  raised  to  the  »Tn|th  power 

I        L       i.  Ill 

=  a'" .  a"1 .  a"  ....  (m  n  times)  x  a  " .  a " .  a  " (m  n  times) 

mn          m  n 

=.  a^~ .  a^  =  a*  .  a1"  =  am+n.  by  Art.  7. 
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Also  the  quantity  a  ™"  or  Vflm*"  raised  to  the  m~n)th  power 

i_          i_  OT+n 

_  am+» .  by  _^rt>  8  .   hence,  a1" .  a"  z=  a  "' " . 

11  L 

Again,  (a"1)  "  raised  to  the  «th  power  i=  am, 

and  aw"  raised  to  the  wth  power  r=  a™ 

J    J         -i 
.'.  (am )  "  =  «ro"- 

H.  If  we  have  several  arithmetical  operations  to  perform 
upon  any  quantity,  (as  for  instance  to  multiply  one  number  by 
another,  then  to  multiply  the  result  by  a  second,  and  afterwards 
to  divide  it  by  a  third)  it  is  evidently  indifferent  in  what  order 
we  perform  these  operations. 

12.  There  is  no   quantity  less  than  zero   in  Arithmetical 
Algebra. 

13.  The  addition  and  subtraction  of  quantities  is  performed 
as  in  arithmetic,  placing  the  signs  +  or  —  between  them  when 
they  cannot  be  incorporated  together.     Art.  2. 

14.  To  subtract  a  —  b  from  a,  we  observe,  that  the  result 
cannot  be  affected  by  adding  6  to  each  of  these  quantities,  hence 

a  —  (a  —  b}  =.  a  +  b  —  (a  —  b  +  6) 
•=.  a  +  b  —  a. 

15.  The  subtraction  of  a  -*-  b  from  a  is  impossible,  or  in 
other  words,  there  is  no  such  quantity  in  arithmetical  algebra 
as  —  b.     Art.  12. 

16.  Hence,  negative  indices  have  no  existence  in   Arith- 
metical Algebra. 

17.  Multiplication, 

(1)  a  (c  +  d)  =  a  c  +  a  d;  being  the  product  of  a  x  c, 
added  to  the  product  a  x  d. 

(2)  a  (c  —  d)  =  a  c  —  a  d;  being  the  difference  of  the 
products  axe,  and  a  x  d. 
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(3)  («  -f  b)  (c  +  d)  =  (a  +  b)  c  +  (a  +  b)  d, 

Here  it  appears  that  the  result  of  ( +  b)  x  ( +  d) 
=  +  bd. 

(4)  (a  —  b)  (c  —  d)  —  a  (c  —  d)  —  b  (c  —  d), 

•=.  ac  —  ad  —  (be  —  b  d), 

=  a  c  —  ad  —  b  c  -{-  bd',  Art.  1 4. 

Here  it  appears  that  the  result  of  (—  b)  x  (—  d) 
-+bd. 

(5)  (a  +  6)  (c  -  rf)  =  (a  +  b)  c  -  (a  +  b}  d, 

=  a  c  +  b  c  —  ad  —  b  d; 
Here  we  have  ( +  b)  x  ( —  d)  —  —  b  d. 

(6)  (a  -  b)  (c  +  d)  =  (a  -  6)  c  +  (a  -  6)  rf, 

r=ac  —  b  c  +  a  d  —  b  d; 
Here  (-6)  +  (+  d)  =  -bd. 
From  all  which  we  collect  the  following, 

18.     Rule  of  Signs; 

The  multiplication  of  two  quantities  preceded  by  like  signs 
produces  a  result  preceded  by  the  sign  +  ;  but  when  they  are 
preceded  by  unlike  signs  the  result  is  preceded  by  the  sign  —  . 


SECTION  II. 


DEFINITIONS    AND    PRINCIPLES    OF    SYMBOLICAL    ALGEBRA. 

19.  SYMBOLICAL  Algebra  is  a  generalization  of  Arithmetical 
Algebra,  in  the  same  way  as  this  last  is  a  generalization  of  com- 
mon Arithmetic.  The  principles  and  assumptions  of  Symbolical, 
are  entirely  founded  upon  those  of  Arithmetical  Algebra,  as  far 
as  this  last  science  reaches,  for  this  reason  the  latter  is  called  the 
Suggesting  Science  to  the  former. 

\Ve  shall  state  briefly  the  assumptions  in  Symbolical  Alge- 
bra, referring  in  each  case  to  the  corresponding  one  in  the 
Suggesting  science. 

20.  The  letters  of  the  Alphabet  are  assumed  to  denote  any 
quantities  whatever,  whether  capable  of  numerical  representation 
or  not.     Art.  1. 

21.  The  signs  +  and  —  are  assumed  to  denote,  not  only 
the  operations  of  addition  and  subtraction,  but  also  any  opera- 
tions whose  results  are  essentially  opposite,  as  for  instance,  heat 
and  cold,  forces  pushing  and  forces  pulling,  &c.     Art.  2. 

22.  The  notation  for  multiplication  and  division  is  the  same 
as  in  Arithmetical  Algebra.     Arts.  2,  3,  4,  5  and  6. 

23.  Hence  as  in  Arithmetical  Algebra,  when  m  and  n  are 
positive  whole  numbers  ama*  •=.  am+*  and  (am}n  —  amn.     Art.  7. 

24.  The  equations  in  the  last  Article  are  assumed  to  be 
true,  when  m  and  n  are  any  numbers  whatever. 

25.  The  only  assumption  of  notation  for  denoting  the  nth 
root  of  a  is  \/  a.     Arts.  8  and  9. 


20.     Consistently  with  the  assumptions  in  Arts.  24  and  25, 
we  may  interpret  the  meaning  of  fractional  and  negative  indices. 


We  have  \/   a  =.  such  a  quantity  as  multiplied  by  itself/? 
times  will  produce  a  ; 

i^ 
Now  W  multiplied  by  itself  p  times 

1  .  l+  .1  ....  (p  times) 

—  a  P  +  P  +  P 

p 

—  a  f  —  a  . 

Similarly  if  we  had  taken  a"  instead  of  a  we  should  have  had 

-        r/~ 

a?  —  \/  an. 

Thus  we   see   that  the  denominator  of  a  fractional    index 
denotes  symbolically,  the  extraction  of  the  root  of  that  order. 

Again,  the  general  assumption  in  Article  24,  gives 

r,m  —  n      f.n  —    ~m  —  n  +  n  —   ,,m 

U  •   '  '      —    f  (  —    ic    , 

and  dividing  the  equals  am"n  .  a"  and  am  by  the  quantity  a", 

we  have, 

am  am 

am-n  _  _        Qr  am  t  a-n  —          ^ 

an  a" 

Hence  we  deduce,  that  to  multiply  any  quantity  (as  am),  by 
«Tn,  is  the  same  as  to  divide  it  by  a". 

(a)     If  we  apply  this  result  to  the  quantity  1  ;  we  shall  have, 

1 


(b)  The  above  is  independant  of  any  particular  value  of  the 
index,  and  shews,  that  any  quantity  may  be  transferred 
from  the  numerator  to  the  denominator  of  a  fraction, 
or  vice  versa,  by  changing  the  sign  of  its  index. 

am 

(c)  Hence,  a°  =:  «'""'"—  — (  —  1,  by  the  nature  of  division. 


27.  fn  Symbolical   Algebra  the   order  of  any  operations 
to  be  performed  on  any  quantity  is  assumed  to  be  indifferent. 
Art.  12. 

28.  The  minimum  of  quantity  is  unlimited  ;  and  generally 
the  order  of  magnitude  of  quantities  is  assumed  to  follow  that 
of  the  series —  3,  —  2,  —  1,  0,  1,  2,  3 

29.  When  different  quantities  having  the  signs   +   or  ~ 
prefixed  to  them,  are  incorporated  by  any  of  the  operations  of 
Symbolical  Algebra,  the  sign  of  the  result  is  determined  by  the 
following  assumption:  (Arts.  14  and  18.) 

"  When  two  similar  signs  come  together  they  are  replaced 
in  the  result  by  the  single  sign  +  ;  but  if  the  signs  be  dis- 
similar, by  the  sign  — ." 

30.  Since  the   language  and   assumptions   of  Symbolical 
Algebra  are  more  general  than  those  of  Arithmetical  Algebra, 
it  frequently  happens  that  symbolical  results  present  themselves 
in  the  former  science  which  have  no  prototypes,  or,  even  mean- 
ing, in  the  latter. 

31.  Law  of  the  permanence  of  equivalent  forms. 

The  operations  of  Symbolical  Algebra  are  assumed  to  be 
independent  of  the  specific  values  of  the  symbols  employed ; 
hence",  if  one  quantity  be  shewn  to  be  equivalent  to  another, 

ii  ffi i ) 

(for  instance  1  +x\n  to  1  -f  n  x  H — - — — x~  +  &c.  see  Art.  24) 

this  equivalency  is  true  whatever  be  the  values  of  the  symbols, 
so  long  as  they  are  general  in  form. 

Again,  if  one  quantity  be  shewn  to  be  equivalent  to  another 
in  Arithmetical  Algebra,  where  the  symbols  are  general  in 
form  but  specific  in  value,  then,  provided  there  be  any  such 
corresponding  equivalency  in  Symbolical  Algebra,  it  must  be 
the  same  as  the  one  shewn  to  be  true  in  the  Suggesting  science : 
for,  in  passing  from  one  to  the  other  no  change  in  the  form  of 
such  equivalencies  can  take  place. 
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ft 

Also,  since  the  laws  of  the  combinations  of  symbols  are  as- 
sumed in  Symbolical  Algebra,  to  coincide  strictly  with  the 
corresponding  laws  in  Arithmetical  Algebra;  therefore,  when 
an  equivalent  form  is  once  discovered  in  the  latter,  we  are  at 
liberty  to  assume  its  existence  also  in  the  former.  An  instance 
of  this  occurs,  in  assuming  the  equation  am  .  an  —  am+"  as 
universally  true;  (Art.  24.)  after  having  shewn  it  to  be  true 
when  m  and  n  are  whole  positive  numbers. 


CHAPTER  I. 

ON   THE   FUNDAMENTAL   OPERATIONS  OF  ALGEBRA. 

Addition. 

32.  RULE.     "  Collect  the  quantities  together,  prefixing  to 
each  its  proper  sign;  and  amalgamating  the  like  ones  into  one 
term,  with  a  co-efficient  equal  to  the  difference  (with  its  proper 
sign)  between  the  sums  of  the  co-efficients  of  the  positive  and 
negative  terms,  respectively."     Art.  21. 

(a).  This  is  the  Algebraical  definition  of  the  sum  of  two 
quantities,  thus  a  —  b  is  the  Algebraical  sum  of  a,  and,  —  b. 

Ex.  2.  a  V'Hc  +  b  VHc  =.  Vic  (a  +  b),  which  shews  that 
two  surds  having  the  same  irrational  part  V '  x  are  added  by 
adding  their  co-efficients. 

SUBTRACTION. 

33.  RULE.     "  Change  the  signs  of  all  the  quantities  to  be 
subtracted  and  proceed  as  in  addition." 

(a).  This  rule  results  from  the  Algebraical  definition  of  the 
difference  between  two  Algebraical  quantities,  (see  Art.  21.) 
thus  a  +  b  is  the  result  of  the  difference  between  a  and  —  6, 
since  —  (—  b)  =  +  b.  Art.  29. 

(6).  When  the  sign  —  is  placed  before  several  quantities, 
included  between  brackets  or  under  a  vinculum,  it  must  be  under- 
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stood  as  affecting  the  signs  of  every  quantity  within  the  brackets, 
or  under  the  vinculum  :  the  sign  of  each  quantity,  when  the 
brackets  are  removed,  being  determined  by  the  general  prin- 
ciple assumed  in  article  29. 

Thus,  —  (a—  b  —  4  c  +  3  #)  r=  —  a  -4-  fe  +  4  e  —  3  x. 

MULTIPLICATION. 

34.  Monomial  quantities  are  multiplied  together  by  multi- 
plying the  co-efficients  for  a  new  co-efficient,  and  denoting  the 
multiplication  of  the  quantities  themselves  by  the  notation  of 
Articles  2  and  3.     Thus  7  a  x  6  b  =  42  a 6. 

(«).  The  sign  of  the  product  must  be  determined  by  the 
principle  of  signs  assumed  in  Art.  29. 

(b).  The  powers  of  the  same  quantity  are  multiplied  together 
by  adding  the  indices.  Art.  23. 

(c).  It  is  indifferent  in  what  order  the  quantities  are  multi- 
plied :  Art.  27,  thus,  I  .a—  a .  b ;  they  are,  however,  generally 
arranged  in  alphabetical  order. 

Ex.  1.     a  V x  +  b  V y  =  ab  V x  V y  —  ab  Vxy, 
hence  surds  having  the  same  exponent  are  multiplied  by  multi- 
pi  ring   their   co-efficients,   and   also  the   quantities  under  the 
radical  sign  ;  retaining  the  same  exponent. 

m  p  »»        f_  m      p_ 

Ex.2,     a  x"  x  bx^=.  abac"  xy  =  abx*    g. 

35.  For  the  multiplication   of  polynomial  quantities,   we 
hare  the  following  rule:  "Multiply  each  term  of  the  multiplicand 
by  each  term  of  the  multiplier  successively,  and  then  collect  the 
partial  products  as  in  addition." 

Ex.  1.  (a  +  x)  (a  —  x}  =  a3  —  a;2,  or  the  product  of  the 
sum  and  difference  of  two  quantities,  is  equal  to  the  difference 
of  their  squares. 


11 

Ex.  2.  (a  4  #)2  =  a2  4-  2  a  #  4-  #*, 

and     (a  4-  A-)8  =  a8  +  3  a8  a;  4-  3  a  a;-2  4-  a:3, 

in  these  cases  it  may  be  observed  that  the  result  is  symmetrical 
with  respect  to  a  and  x;  that  is,  if  x  be  put  for  «,  and  a  for  .r, 
in  the  product,  the  result  will  remain  the  same. 

36.     To  find  the  square  of  ^  +  az  +  a3  +  a4 4-  an. 

Let   az  4-  a, «„  =  P ;    then  the  square  required 

=  (at  +  P)s  =  <  +  2  Oj  P  4-  P2. 

Now  the  square  of  al  4-  «3  . . . .  «„,  must  be  symmetrical 
with  respect  to  each  of  the  quantities  a,,  «2,  «3,  Sec.  and  it 
appears  that  it  involves  a^;  hence,  it  must  also  involve  «22, 
«32,  &c.  Secondly,  it  involves  2  av  P;  that  is,  2ax  multiplied 
successively  into  each  of  the  n— 1  quantities  «2,  «3,  &c. 

Again,  if  we  make   P2  =  (a2  +  P')9,    where 

P'  =  a3  +  «4  4- an, 

and  reason  in  the  same  manner  with  respect  to  «22  +  2  «2P',  we 
may  observe,  that  we  find  first  as2 ;  and  secondly,  2  as  multi- 
plied into  P';  that  is,  into  each  of  the  n~  2  quantities  as,  «4, 
a5,  &c.  and  by  making  P'  =  as  4-  P",  &c.  we  may  go  on  until 
we  come  to  P(w)  =  an)  hence  the  only  quantities  involved  are  the 
squares  of  each  of  the  quantities  «,,  «2,  &c.  and  twice  the  pro- 
ducts of  every  two  of  them ;  that  is, 

(a,  +  «2 4-  «3...  +  «»)*=  «!2  +     «/    +     «32      4-  «42 +  «„* 

4-  2  «!  «2  +  2  ax  «3  4-  2  aa  a4 ....  4-  2  a,  «„ 
4-  2«2o3  +  2a2a4....  4-2«2an 
4-  2«3a4....  4-2a3an 
4-  &c. 

a  result  which,  by  adding  each  vertical  column,  may  also  be 
written  thus, 

(«!  +  »g  +  as  .  - . .  «»)"' 
=  nf  4-  (2  tfj  4-  ff2)  «2  4-  1 2  («,  4-  «2)  4-  «3  J  «3 

4-    2(a4-«4-ff)+«a'"+2cf  +  flr^«  +  -^»-)^ •«.«»• 
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(a)     By  similar  induction  we  should  find, 


+  $3  (ax  -f  «r2  .  .  .  .  o,^)8  +  3  («!  +  a2  .  .  .  .  «„_>/  „  -f  a«2£  a«. 
(6).  The  above  reasoning  with  respect  to  symmetrical 
quantities  entering  into  the  product  of  factors  which  themselves 
involve  symmetrical  quantities,  is  applicable  in  many  other  cases, 
as  a  means  of  abridging  the  process  of  actual  multiplication. 
See  Peacock's  Algebra,  p.  27. 

37.     To  raise  V  —  1  to  any  power. 

Every  number  is  either  divisible  by  4,  or  must  leave  a  re- 
mainder when  divided  by  that  quantity,  equal  to  1,  2,  or  3  ; 
hence  every  number  is  of  one  of  the  forms  4  w,  4m  +  1, 
4  m  +  2,  or  4  m  +  3  ;  we  shall  consider  each  of  these  cases 
separately  ; 

(1). 


=  V/^T  (l/^"l)4mr=  1/^Ti  .  1  by  the  first  case;  =  V  '  —  1. 


(4).      (  N/ITi)4-1-3 
—  V^J  (  V:Tl)4*+2  =  V^Ti  (—1)  by  the  third  case;  =  —  V^T. 

DIVISION. 

38.  When  the  quantities  are  monomial,  we  must  omit  those 
which  are  common  to  the  divisor  and  dividend,  and  denote 
symbolically  that  the  remainders  are  to  be  divided  by  each 
other,  bv  the  notation  explained  in  Arts.  3  and  4. 

(a).     Since    (+  a)  x  (-f  b)  =  +  a  b;  .:    ---  =  -f  b. 


-  a;  X  (  -  ft)  =  +  a  ft  ;  .-. 
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Hence  we  collect,  that  if  the  divisor  and  dividend  be  affected 
with  like  signs,  the  sign  of  the  quotient  is  + ,  but  if  they  be 
affected  with  unlike  signs,  the  sign  of  the  quotient  is  — . 

(b).  Any  power  of  a  quantity  is  divided  by  any  other  power 
of  the  same  quantity,  by  subtracting  the  index  of  the  divisor 

from  the  index  of  the  dividend ;  for, 

am 

am~n  —  Afi     26< 

a* 

(c)  If  the  divisor  be  monomial  and  the  dividend  polynomial, 
each  term  of  the  dividend  must  be  divided  separately  by  the 
divisor. 

39.  When  both  the  divisor  and  dividend  are  polynomial, 
"  arrange  each  according  to  the  descending  powers  of  some  one 
letter  common  to  both ;  divide  the  first  term  of  the  divisor  by 
the  first  term  of  the  dividend,  the  result  is  the  first  term  of  the 
quotient ;  multiply  this  term  into  the  divisor  and  subtract  the 
result  from  the  dividend ;  then  consider  the  remainder  (if  any) 
as  a  new  dividend  and  proceed  as  before." 

40.  By  this  process  the  product  of  the  divisor  and  all  the 
terms  of  the  quotient  is  subtracted  from  the  dividend,  and  thus 
the  complete  quotient  is  obtained  when  there  is  no  remainder 
after  the  last  operation,  but  in  some  cases  the  remainder  will 
never  disappear  and  then  the  quotient  is  said  to  be  incomplete,  or 
in  other  words,  there  is  no  finite  expression,  which,  multiplied 
into  the  divisor,  will  produce  the  dividend. 

Ex.  1 .     To  divide  xn  —  p  xn~l  -f  qxn~2  —  r  xn~z  +  &c. 
by  x  —  a. 

x  _  a\x»  —  p  .r»-'  -f  q  x"-"-  -  r  xn"*  +  &c.(^"-'  -f  (a  -p)  x"-* 

&c. 


(a  -  p)  xn-1  +  q  x"-' 

(a  —  p}  xn~*  —  (a?  —  pa}  #  "~e 

(tf-pa  +  ql^-'-rx"-3 

(a*  —  pa  +  g}  x^"  —  (a3  —  p  a9  +  q  a)  xn~3 
(a3  —  p  a~  +  q  a  —  r)  #"~3. 
&c.  &c. 
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It  is  evident  that  the  remainder  after  the  nth  operation  will  be 

a"  ~  p  a"-1  +  q  an~*  —  r  an~s  +  &c. 

which  is  identical  with  the  dividend,  putting-  a  in  the  place  of 
x ;  the  quotient  will  be  incomplete  unless 

a"  —  p  a"'1  +  (j  an-*  —  r  an~3  -}-  &c.  —  0. 
Ex.  2.     To  find  in  what  case  o^  —  y*  is  divisible  by  x  +  y. 

a;  +  y}  xn  —  yn  (.r"-1  -  #"-«  y  +  xn~&y*  —  &c. 
xn  -f  ^"-'  y 

—  x"-1  y  —  y* 

—  xn~ly  —  jcn~2ya 


y*  —  y* 


—  A'n~3  ys  —  yn 

&c.        &c. 

Here  it  is  evident  that  after  the  nth  operation  the  remainder 
(#„)  will  be 


the  +  or  —  sign  being  used  as  n  is  even  or  odd,  or 
Rn=(±yY-yn, 

a  quantity  which  cannot  vanish  unless  the  first  term  be  positive, 
that  is,  unless  n  be  even,  hence  in  that  case  only,  is  xn  —  yn  ex- 
actly divisible  by  x  +  y. 

xn  —  yn 

In  the  same  way  it  may  be  shewn  that  —  -~—  is  always  a 

y 

xn  *4-  if1 
complete  quotient;    that  -  —    is  so  when  n  is  odd;    and 

xn  +  V* 
that  -    —  —  is  in  no  case  a  complete  quotient. 

<y 
(a).     Since 

X  ~y    —  xn~l  +  xn~*  y  +    .....  -f  .r  y"-9  +  y^1,  exactly, 

x  —  y 

.'.  by  the  nature  of  division, 

t,»      _        ?y»      _          (a.       _      y)          ^.»-l        +        j^y        ----  +        Xy« 

n    being  any  number. 
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Similarly,  (the  upper  or  lower  signs  being  used  as  n  is  odd 
or  even) 

Now  if  x  and  y  be  assumed  to  represent  surds,  and  n  be 
made  of  such  a  value  as  to  render  xn  ±  yn  rational,  we  may  in 
this  way  find  the  multiplier  which  will  render  any  binomial  surd 
x-±.y  rational,  that  multiplier  being  one  of  the  series, 


or   xn~l  —  xn~*  y +  x  y"^  ±  y"-1. 

Ex.     To  find  the  quantity  which  multiplied  into  the  surd 

3  _3 

a4  —  b*  will  render  it  rational. 

jL  3- 

Here  x  =  a4,  y  —  b4 ,  and  .'.  n  =  4,  and  the  multiplier  is 

JL  JL      3  3      jL  J^ 

a*  +  ar  6  -f  aT^*  +  6%  the  rationalized  result  being  a3  —  63. 
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CHAPTER    II. 


ON  ALGEBRAIC   FRACTIONS. 

SECTION    I. 

On  lite  Addition,  Subtraction,  &fc.  of  Algebraic  Fractions. 

41.  SINCE  -7  means  (he  result,  of  the  division  of  a  by  b; 

therefore  -r  x  b  =.  a  :  bv  the  nature  of  division. 
b 

42.  The  value  of  a  fraction  is  not  altered  by  multiplying 
or  dividing  both  its  numerator  and  denominator  by  the  same 
quantity. 

Let  ^  =  x  be  any  fraction ;  then  because  if  equals  be  mul- 
tiplied or  divided  by  any  quantity,  the  results  are  still  equal ; 
.-.   j  x  b  •=.  x  x  b  ;  or  by  (Art.  41)  a  =  b  x  ; 

.....          ,      ma  a 

hence,  mar=  m  b  x;  or  dividing  by  m6;   •— r  =  x=  -T. 

(a).     Conversely  if  we  have  a  fraction  — f  ,  the  numerator 

m  o 

and  denominator  may  be  divided  by  the  quantity  (m)  and  the 
resulting  fraction  (  j  \  will  be  equal  to  the  former. 

(6).  Hence  if  j- ,  be  a  fraction;  by  multiplying  its  nume- 
rator and  denominator  by  —  1,  we  have  -=-  =  ~^-T,  which  shews 
that  altering  the  signs  of  both  the  numerator  and  denominator 
does  not  alter  the  value  of  the  fraction. 
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43.  To   reduce  fractions   to  others  of  equivalent  value, 
having  a  common  denominator. 

Multiply  each  numerator  by  every  denominator,  except  its 
own,  for  the  new  numerator,  and  all  the  denominators  for  the 
new  common  denominator. 

For  if  j  ,  -n->  -rr,,  &c.   be  the  fractions; 

"*"  ab'b" a'bb" a"6b' 

bb'b" -*  bb'b" '   bb'b" ' 

are  other  fractions  of  the  same  value  (by  last  Art.)   but  having 
the  denominator  b  b'  b"  ....  common  to  all. 

(a).  If  the  numerator  and  denominator  of  each  fraction  be 
multiplied  by  the  least  common  multiple  of  all  the  denominators, 
the  same  thing  will  be  effected  but  the  resulting  fractions  will 
be  in  lower  terms.  See  Art.  58. 

44.  To  add  or  subtract  fractions,  reduce  them  to  equivalent 
ones  having  a  common  denominator,  then  add  or  subtract  the 
numerators,  and  subjoin  the  common  denominator. 

For  let  p  ,  -r,  be  any  two  fractions,  and  suppose 
a  a' 

_     — •    /»»  —     >•'  • 

b  ~     '   b'  ~ 
then  a-=.  b  x,  and  a'=  b'  x',  by  Art.  41. 

Also,  a  b'  =.  bb' x  and  «' b  =  b  b' x, 

adding  or  subtracting  these  equals; 

ab'±a'b  =  bb'x±bb'x'  =  bb'(x±x'); 

,  _  ab'±  a'  b 
.'.  x±x  b  b,        ; 

a        a'       a  b'  ±  a'  b 
°r  •J±T="- Tb^-' 

45.  To  multiply  fractions,  multiply  the  numerators  for  a 
new  numerator,  and  the  denominators  for  a  new  denominator. 
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For  by  multiplying  together  the  equals  a  —  bx  and  a'  =  V  V, 
in  the  last  Article  we  have 

a  a'  •=.  bb'  x  xx?\  or,  dividing  by  bb', 

a  a'      ,       .      a       a'       a  «' 
.r  x'  =  T-T-,  ,  that  is,  T  x  T-,  =  rrr  • 
bo  o        b        b  b 


(o  \  tn       flm 
0  =  fts; 


46.  To  divide  one  fraction  by  another,  invert  the  numerator 
and  denominator  of  the  divisor,  and  proceed  as  in  multipli- 
cation. 

For,  by  dividing  the  equals  ab'=bb'x,  and  a'b=bb'x', 
by  one  another,  we  have, 

all       bVx    .       ,  ^    x       ab' 

7b  =  W3  (or'  ^  Art>  42'  (a))'  i?  =  71  • 

a 

T1    .  .       b        ab' 
1  hat  is,   -7  =  -T-T  . 
a        a  b 

~V 

47.  An  integer  (c)  may  be  represented  as  a  fraction  by 

Q 

writing  it  under  its  equivalent  form  —  . 

48.  Hence  a  fraction  is  multiplied  by  an  integer, 

(1).     By  multiplying  its  numerator  by  the  integer:  for 

a  a       c       ac      . 

b  xc=lxT=z-F,Art.45. 

(2).     By  dividing  the  denominator  by  the  integer,  for 
~  x  c  =  ^  =  -T-,  by  Art.  42  (a). 

a 

49.  Also  a  fraction  is  divided  by  an  integer, 

(1).     By  dividing  its  numerator  by  the  integer,  for 

a 

%  +  ~  =  ~  X  i(Art.  46)  =  ~  =  £  ,  Art.  42  (a). 
6l        b       cv  be       b 
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(2).     By  multiplying  the  denominator  by  the  integer,  for 

a        c         a 

T*7=T— •     Art.  46. 
0        1        be 

50.  It  follows  from  Articles  45  and  46,  that  there  are  four 
ways  by  which  the  fraction  -r  may  be  multiplied  or  divided  by 

another,  ^ ;  the  operations  of  each  may  be  thus  represented 
Multiplication : 
0)      <L^;       {s)     «|,       (3,F^o,        (4>-£f. 

Division : 

a_V  +  a'm  aV_m        _     _^  «-5-_ii' 

F~     '      (2)    6 a"        ('   fta'-r-fl"        (4)  a-r-6" 

Of  these,  the  second  in  each  case  is  the  most  usual,  because 
it  is  always  possible  to  effect  the  operations.  The  others  are 
only  used  when  the  divisions  indicated  can  be  effected  without 
remainders;  when  this  is  the  case  they  are  preferable  to  the 
second,  because  they  give  the  result  sought  in  lower  terms. 

51.  The  fraction  4-  is  greater  in  value  than  -J- ;  and  ^  is 
greater  than  -^ ;  it  is  thus  easy  to  see  that  if  the  numerator  of  a 
fraction  remain  the  same,  while  the  denominator  is  increased, 
the  value  of  the  fraction  itself  is  diminished;  and  if  the  denomi- 
nator become  infinite  the  fraction  itself  becomes  =,  0,   or 

16  1        b 

—  =  —  =  0  ;  and  conversely,  —  =  -  =  «  . 

oo        cc  -00 

00  0 

(a).     By  similar  reasoning,  -r  =  oc    and   -r  =  0. 

(6).     Hence  also  -  =  xxO=—  =  6,    a   quantity   which 

0  cc  ' 

may  have  any  finite  value. 

(c).     Also,  if,  j  r:  0,  then  a  must  =0,  or  b  =  oc  ; 

if,   r  =  X  ,  then  a  must  =  oo,  or  6  =  0. 
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SECTION   II. 


On  the  Reduction  of  Algebraic  fractions  to  their 
Lowest  Terms. 

52.  A  FRACTION  is  reduced  to  an  equivalent  one  in  its  lowest 
terms,  by  dividing  its  numerator  and  denominator  by  the  greatest 
quantity  which  measures  them  both.     Art.  42.  (a). 

53.  To  find  the  greatest  common  measure  of  two  quan- 
tities. 

Let  A  and  a  be  the  quantities,  arranged  according  to  the 
powers  of  some  one  letter  common  to  both,  and  of  which  A  is 
the  one  containing  the  highest  power  of  that  letter. 

Divide  A  by  a,  and  suppose  a  contained  in  A,  q  times  with 

a  remainder  p ;  now  if  p  be  a  quantity  of  the  form  R  r  where  R 

is  a  quantity  which  does  not  measure  both  A  and  a,  and  there- 

l»t.  operation  a)  A  (q  fore  forming  no  part  of  the 

?  a  common  measure  required, 

A  —  q  a  —  p  —  1   r  fn^f>  jjje  remaj,,;ng  factor 

2nd.  operation  r)  a  (q1  r  for  a  new  divis        and 

0   7* 

_,,   ,  divide  the   last  divisor   a 
a  —  </  r  ~  p  —  /i  r 

bv  it;    let   the  remainder 
3rd.  operation  r')  r  (q"  ,:e       .     ,    ,       ,  .,     f 

'  H  V  (if  any)  p ,  be  of  the  form 

r~-^a"  r'  =.  0  K  r' \  R'  being  as  before, 

not  a  measure  of  both  A  and  a ;  take  r'  alone  for  the  new  divisor, 
and  divide  the  last  divisor  r  by  it,  repeating  the  process  until  a 
divisor  (which  we  will  suppose  to  be  r')  be  found  without  any 
remainder,  this  divisor  is  the  greatest  common  measure  re- 
quired. 


21 

To  prove  this  we  will  premise  that  if  a  quantity  m,  measure 
another  y,  it  will  measure  any  multiple  ty  of  y,  by  the  units 
in  t. 

Also,  if  a  quantity  m  measure  two  others  x  and  y  by  the  units 
in  t  and  *  so  that  t  m  =  x,  and  s  m  =  y,  then, 
x  ±y  —  f»i±sm  =  (t±s)m; 

that  is,  m  will  measure  the  sum  or  difference  of  those  quantities 
by  the  units  in  t  ±  *. 

Now  first,  r'  is  a  common  measure  of  A  and  a. 

For  it  measures  r  by  supposition, 
and  .*.  it  measures  q'  r  which  is  a  multiple  of  r, 

and     R'  /  which  is  a  multiple  of  itself. 

It  therefore  measures  H'  r'  +  q1  r,  or  a. 
It  also  measures  R  r  because  it  measures  r, 
and ,  q  a  because  it  has  been  proved  to  mea- 
sure a. 

It  therefore  measures  R  r  +  q  a,  or  A. 
And  it  is  obvious  that  it  might  in  the  same  way  have  been 
proved  to  measure  both  a,  and  A,  had  it  been  necessary  to  carry 
the  operation  through  four  or  more  stages. 

Secondly,  it  is  the  greatest  common  measure  of  A  and  a. 

For  let  x  be  any  other  whatever  ; 

then,  since  x  measures  A  and  a,  it  measures  A  —  q  a,  or  R  r  ; 
and  .*.  it  measures  r  alone,  since  R  is  not  a  divisor  of  A  and"«; 

and." a—q'r,  or  R'  r' ; 

and  also r'  alone. 

Hence  since  any  other  common  measure  whatever  of  a  and  A 
measures  r';  r' must  itself  be  the  greatest  common  measure- of 
a  and  A. 

(a).  Hence  since  any  other  common  measure  (x)  of  A  and  a 
is  a  measure  of  the  greatest  common  measure  (r')  of  A  and  a  ; 
conversely,  every  quantity  which  measures  r'  measures  a  and  A, 
now  the  greatest  quantity  which  measures  r'  is  4  r',  the  next  in 
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magnitude  *-  r,  and  so  on  ;  hence  all  the  common  measures  of 
a  and  A  are  comprised  in  the  series  r',  £r',  •§-/•',  £r'»  &c. 

(A).  Where  simple  powers  only  of  each  letter  are  involved, 
this  method  will  not  apply,  to  find  the  common  measure  in  this 
case,  we  must  form  the  co-efficients  of  each  letter  successively  in 
the  two  quantities,  until  a  common  divisor  is  discovered.  See 
Peacock's  Algebra,  p.  132. 

54.  In  finding  the  greatest  common  measure  of  the  fraction 
B  a-m  +  C  xm~l  +  D  a-"-2  +  &c. 


bx"  +  c  x"-1  ~ 
the  following  modifications  must  be  attended  to. 

(1).     The  monomial  factors  must  be  first  suppressed  by  the 

principles  explained  in  Art.  53  (6). 

(2).     The  numerator  or  denominator  may  be  multiplied  or 
divided  by  any  quantity  which  is  not  a  factor  of  the 
other,  for  by  so  doing  we  do  not  alter  the  common 
measure. 
(3).     By  these  means  B  must  be  made  a  multiple  of  b. 

(4).     In  each  operation  it  is  unnecessary  to  carry  the  divisor 

so  far  as  to  introduce  a  term  into  the  quotient  under  a 

•r       fractional  form,  for  this  would  be  contrary  to  the  sup- 

position made  in  the  exposition  of  the  rule,  where  the 

quotients  q,  q',  q",  &c.  are  all  supposed  integers. 

55.     To  find  the  greatest  common  measure  of  three  Alge- 
braic quantities,  a,  A,  c. 

Take  M  the  greatest  common  measure  of  a  and  b,  so  that 

a  M  —  a,  and  ft  M  =  b. 

Take  M'  the  greatest  common  measure  of  M  and  c  ; 
Then  M'  is  the  greatest  common  measure  required. 
For  by  hypothesis  M'  measures  c  and  M; 

and  /.  M'  measures  a  M  and  ft  M  or  a  and  b. 

Similarly  any  other  measure  (#)  of  M  and  c  may  be  shewn 
(o  measure  a  and  b  likewise. 
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Hence  the  greatest  common  measure  of  M  and  c  is  likewise 
the  greatest  of  a,  b  and  c. 

(a).     By  similar  reasoning: 

if  a:  be  the  greatest  common  measure  of  a  and  b, 
y  ................................  c  and  d, 

z  .....  .  ..........................  x  and  y, 

then  will  z  ..........  .  .....................  a,  b,  c,  and  d. 

56.  To  find  the  least  common  multiple  of  two  numbers,  a 
and  b. 

Let  their  greatest  common  measure  be  #  so  that  a  =.  f  x, 
b  —  g  x,  then  fg  x  is  a  multiple  of  both  a  and  b.  But  since 
x  is  the  greatest  common  measure  of  a  and  b,  that  is  of  fx  and 
g  x,  thereforeyand  g  can  have  no  common  divisor  ;  hence  fgx 
is  the  least  common  multiple  of  a  and  b. 

,.      a  b  x,  ab  x       a  b 

But/= 


that  is,  the  least  common  multiple  of  two  numbers, 
_  product 

greatest  common  measure  * 

57.  Every  other  multiple  (m!)  of  a  and  b  is  a  multiple 
of  (TO)  /Aeir  /eaa£  common  multiple. 

For  if  possible  let  wi  be  contained  in  m',  />  times  with  a  re- 
mainder r  less  than  m. 
Then  m!  z=.  pm  +  r. 

Now  «  and  6  measure  m1  and  w,  they  therefore  measure 
m'  —  pm  or  r,  that  is,  a  multiple  (r),  of  a  and  6,  has  been 
found  less  than  m,  their  least  common  multiple,  which  is  absurd. 

(a).  Hence  all  the  common  multiples  of  a  and  b  are  com- 
prised in  the  series  m,  2  m,  3  m,  4  w,  &c. 

For  the  least  number  which  m  measures  is  2  m,  the  next 
3»i,  &c. 
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58.  To  find  the  least  common  multiple  of'  three  numbers, 
a,  b,  and  c. 

Take  m  the  least  common  multiple  of  a  and  b, 
m  the  least  common  multiple  of  m  and  c. 

Then  m'  is  the  least  common  multiple  required. 

For  by  hypothesis  »i'  is  a  multiple  of  c  and  m,  which  last  is 
a  multiple  of  a  and  b ;  hence  m!  is  a  multiple  of  a,  b,  and  c. 

Again,  let  a?  be  awy  other  multiple  of  a,  /;,  and  c,  then  be- 
cause x  is  a  multiple  of  a  and  b  it  is  a  multiple  of  m  •  Art.  57  ; 
and  because  it  is  a  multiple  of  m  and  c  it  is  a  multiple  of  ml  \ 
Art.  57.  hence  since  any  multiple  of  a,  6,  and  c,  is  a  multiple 
of  m',  therefore  m'  must  be  the  least  common  multiple  of  a,  b, 
and  c. 

(a).  By  similar  reasoning1,  if  m  be  taken  the  least  common 
multiple  of  a  and  b,  m!  of  c  and  d,  m"  of  m  and  m'  then  m"  will 
be  the  least  common  multiple  of  a,  b,  c,  and  d. 


CHAPTER    III. 


ON   DECIMAL  FRACTIONS. 

59.  IF  a,  b,  c,  ....  p,  q,  r,  s,  be    the    n  +  1    digits   com- 
posing any  number  N,  that  number  may  evidently  be  written 
thus 

"JV=  a  10"  +  b  lO""1  +  c  10"-s +/>  10s  +  q  102  +  r  10  +  s. 

Thus 
437864  n  400000  +  30000  +  7000  +  800  +  60  +  4 

=  4  . 106  +  3  . 104  +  7  .  103  +  8  . 102  +  6  .  10  +  4. 

(a).  Hence  if  10"  be  the  highest  power  of  10,  which  enters 
into  the  composition  of  a  number,  n  +  1  is  the  number  of  its 
digits. 

60.  If  we  divide  the  number 

a  10"  +  /,  10"-1 +  g!02  +  r  10  +  s, 

successively  by  10,  we  shall  have  the  following  results, 
rtlO"-1  +  b  10— 2 +  qlO  +  r  +^, 

a  10n~2  +  b  10"-' +  q  + 1-  — , , 

10        1 02 

&c.  &c. 

The  fractional  parts  of  these  numbers,   as  —  in  the  first, 

7'  V 

-—  +  —-;  in  the  second,  &c.  are  called  Decimals,  so  that  gene- 
rally, 

Decimals  are  fractions  having  always  10,  or  some  power 
of  10,  for  their  denominators. 
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61.  The  denominators  of  decimals  are  not  usually  written, 
but  in  order  to  distinguish  the  numerators  of  such  fractions  from 
whole  numbers,  they  are  written  with  a  comma  before  as  many 
places  of  figures,  as  there  are  cyphers  (that  is,  powers  of  10)  in 
the  denominator,  the  deficiency  of  places  (if  any)  being  supplied 
by  cyphers  immediately  after  the  comma. 

(a).  Hence,  adding  cyphers  to  the  right  of  a  decimal  does 
not  affect  its  value,  for  it  is  only  multiplying  both  numerator 
and  denominator  by  some  power  of  10. 

62.  The  value  of  each  figure  in  a  decimal  decreases  from 
the  left,  to  the  right,   in  a  tenfold  proportion,  contrary  to  the 
rule  which  obtains  with  respect  to  the  digits  of  integers,  for  in 
decimals  every  succeeding  place  from  the  comma  introduces 
another  power  of  10  into  its  denominator,  (Art.  61)  which  there- 
fore diminishes  the  local  value  of  any  digit,  in  that  proportion. 

63.  If  a,  b,  c,  d,  r,  *,  &c.  be  the  digits  of  a  decimal  D,  then 

D  =  T(f  +  W>  +  &  '  -  +  T^.  +  i>-  Art'  60' 

a  IP1-1  4-  b  10*-a  +  c  1  0"-3  ____  +  r  10  +  * 


10* 
the  numerator  of  which  is  the  number  having  the  digits  a,  6, 

c,  &c.  ;  hence  we  have  the  following  rule  for  the  conversion  of 
a  decimal  into  its  equivalent  fraction  ;  "  Omit  the  decimal  point 
and  divide  the  resulting  integral  number  by  that  power  of  10 
whose  index  (n)  is  the  number  of  decimal  places." 

64.     To  convert  a  fraction  into  its  equivalent  decimal. 

^ 
Let  -=•  be  the  fraction  in  its  lowest  terms. 

a 

A  -i          A    |  Qtt 

Then,  -^  —  —  .  -  which  is  a  decimal  of  n  places,  the 

Jo          10"          13 

quantity  must  be  simplified  by  actual  division  ;  we  have 

then  the  following  rule  :  "  Divide  the  numerator  by  the  deno- 
minator, adding  cyphers  (that  is  muliplying  by  a  power  of  10) 
to  the  numerator,  if  necessary." 
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(«).  There  must  be  as  many  (w)  decimal  places  in  the  result, 
as  there  have  been  cyphers  added  to  the  numerator,  and  to 
make  up  this  number,  if  necessary,  cyphers  must  be  added  to 
the  left  of  the  quotient. 

A.  .  10*        A.  2n  5* 

(6).    Since  —  '-f.  —  =  -  T.  —  ,   unless  therefore   B,  be  of 
Jo  Jj 

the  form  2?  5?,  the  division  will  never  terminate,  for  no  power 
of  2.5  (or  10)  will  be  measured  by  those  prime  factors,  if  10 
itself  be  not  (See  Art.  )  ;  in  other  words,  we  can  never  by 
adding-  any  number  of  cyphers,  make  the  result  of  the  division 
of  the  numerator  by  the  denominator  appear  in  a  finite  form. 

^ 

65.     When  a  fraction  -73  is  converted  into  a  finite  decimal 

to  find  the  number  of  decimal  places. 

In  this  case  B  is  of  the  form  2P  5?,  Art.  64.  (6). 
First,  let  p  be  >  q  ; 


2p  2p5f 

which  is  a  decimal  of  p  places. 

Secondly,  let  p  be  <  ^,  then 


B  ~~  2P  bg  ~  2?  57    '          10*     ' 

which  is  a  decimal  of  q  places. 

^ 
(a).     If  the  fraction  -~  be  an  improper  one,  the  result  will 

consist  of  a  mixed  whole  number  and  decimal. 

^ 
66,     In  the  conversion  of  a  fraction  ^  ,  info  a  decimal,  if 

the  division  do  not  terminate,  the  remainders  will  recur  in  a 
certain  order. 

For  let  B  be  divided  by  A,  add  ing  cyphers  to  each  remainder 
according  to  the  rule  ;  Art.  64.  Now  each  remainder  must  be 
less  than  B,  consequently  there  can  only  be  B  —  \  different 
ones  while  their  number  is  infinite;  Art.  64(6);  hence  in  the 
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progress  of  the  division  we  shall  arrive  at  length  at  a  remainder1 
which  is  the  same  as  a  former  one;  after  this,  the  circumstances 
producing  the  succeeding  remainders  are  the  same  as  those  which 
produced  the  preceding  ones,  and  therefore  the  second  period 
of  remainders  will  be  the  same  as  the  first  ;  similarly,  the  third, 
fourth,  &c.  periods  will  likewise  be  identical  with  the  first. 

Def.     Decimals  whose  digits  recur  in  periods  are  called, 
"  circulating  or  repeating  decimals." 

A 

67.  If  a  fraction  of  the  form  „,    —  be  converted  into  a 

decimal,  the  result  will  be  first  a  finite  decimal  of  p  or  q  places 
according  as  p  is  >  or  <  q  (Art.  65),  and  then  a  repeating 
decimal  of  not  more  than  B1  —  l  places,  (Art.  66). 

68.  To  reduce  a  mixed  circulating  decimal  to  a  vulgar 
fraction, 

Let  N  be  the  non  repeating  part,  containing  n  digits  or 

places  of  decimals;  P  the  repeating  period  containing  p  places. 

Then  the  whole  decimal  (D)  may  be  thus  represented,  Art.  63.. 

N          P  P  P 


&c-  ad  i 


multiply  these  equals  by  IW  • 

IQP  P  P 


subtract  the  upper  line  from  the  lower, 

IV  P 

.'.  D(\Q'  —  l)  =  —  (W  —  1)  +  —  -.     Divide  by  10'-  1. 

N  P 

.  ' 


__ 

~  10"      10'  (10?—  1)' 

Now  10'  —  1  is  a  number  consisting  of  p  nines,  hence  the 
rule  :  "  A  mixed  circulating  decimal  is  equivalent  to  the  sum 
of  two  fractions,  the  first  of  which  is  the  value  of  the  non  re- 
peating part  considered  as  a  terminating  decimal  ;  and  the 
second  has  for  its  numerator  the  repeating  period,  and  for  its 
denominator  as  many  nines  as  there  arc  digits  in  the  repeating 
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period,  followed  by  as  many  cyphers  as  there  are  digits  in  the 
part  not  repeating." 

(a).     If  the  decimal  begin  to  repeat  from  the  first  digit, 
N  =  0  ;  and  n  —  0  ;  and  we  have  in  that  case, 
~  _         P  repeating  period 

IQP  —  l  ~~  as  many  nines  as  digits  ' 

C9.  Decimal  fractions  are  added  or  subtracted  by  placing 
the  digits  having  the  same  power  of  10  for  their  denominators, 
under  each  other,  then  adding  or  subtracting  as  in  whole 
numbers,  and  placing  the  decimal  point  immediately  under  the 
other  points. 

For  this  is,  in  effect,  only  adding  or  subtracting  so  many 
fractions  having  common  denominators;  Art.  60. 

70.  To  multiply  decimals,  multiply  them  as  though  they 
were  whole  numbers  cutting  oft*  as  many  places  of  decimals  as 
there  are  places  in  the  multiplier  and  multiplicand  together. 

Let  D,  D'  be  the  decimals  having  n,  it  decimal  places  re- 
spectively. 

N,  N'  the  integral  numbers  arising  from  omitting  the  decimal 
point  in  each. 

then  D= 


t 

-     lQ"  +  n'  » 

which  is  a  decimal  of  n  +  n'  places. 

71.  To  divide  Decimals,  first  make  the  number  of  decimal 
places  in  the  dividend  at  least  equal  to  those  in  the  divisor  by 
adding  cyphers  to  the  right  of  the  dividend,  when  necessary, 
(Art  61  (a).)'  then  divide  as  in  whole  numbers,  cutting  off  as 
many  decimal  places  in  the  quotient  as  those  in  the  dividend 
exceed  those  in  the  divisor;  supplying  the  defect  (if  any)  by 
prefixing  cyphers  to  the  left  of  the  quotient. 
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For,  retaining   the   letters  in  last  Article,  we  have,  when 
n  is  >  n', 

-D         N_     \0*_.       Sr 

--          - 


which  is  a  decimal  of  n  —  n'  places. 

If  n'  be  >  n,  and  n  —  n  =  p,  we  must  according-  to  the  rule 
make  the  number  of  places  in  the  dividend  equal  to  those  in  the 
divisor,  which  will  be  done  by  adding  p  places,  to  the  n  places 
which  the  dividend  already  possesses  ;  hence, 

N       N.  IQP 
I)  or  -—    —  __  • 

10"         10n+P  ' 

D       N    10?.  10"'       N^ 

•       __   —  •    _  _      ____    __  __  i  AW—  n 

'  i>'~"IV'*     10"^     "  N' 
which  is  an  integral  number. 

D       N 
If  n'  =  n,  then  -j  =  ^,,  which    is  likewise   integral;    the 

above  rule  includes  all  these  cases. 

(a).  To  divide,  multiply,  &c.  circulating  decimals  they 
must  first  be  reduced  to  vulgar  fractions  by  the  rule  in  Art.  68, 
and  then  multiplied,  &c.  by  the  rules  for  treating  vulgar  frac- 
tions ;  though  in  cases  where  perfect  accuracy  is  not  required,  it 
will  be  sufficient  to  take  circulating  decimals  as  far  as  five  or  six 
places,  and  neglecting  the  remaining  places,  to  consider  them 
as  finite  and  exact  decimals. 


CHAPTER  IV. 


ON  THE   EXTRACTION   OF  ROOTS. 

72.  IF     N=  a  10"-1  -f  b  10s-2 +rlO+*>      be  a 

number  having  n  digits,  Art.  59,   its  least  possible  value  will 
evidently  be,  when  a  =  1 ;  and  all  the  other  digits  =  0 ;  in  that 
case,  the  number  becomes  10*-1:    similarly,  10*  is  the  least 
number  of  n  -f  I  digits,  &c.     It  follows  from  this,  that  every 
number  having  n  digits  will  be  intermediate  in  value  between 
10"-1  and   10"  |  for  this  last  number  b«irig  the  least  number 
having   n  -f  1    digits,    the  next  inferior  number  must  be  the 
greatest  number  having  only  n  digits. 

73.  The  square  of  every  number  having  n  digits  must  have 
either  2  n  or  2  n  —  1  digits. 

For,  every  number  having  n  digits  lies  between  10*"1  and 
10"  by  last  Article.  Therefore  the  square  of  every  number 
which  has  w  digits  lies  between  102n~*  and  102n. 

But  102n~2  is  the  least  number  having  2n—  1  digits,  by 
last  Article;  and  102n  is  the  least  number  having  2»  +  1  digits; 
therefore  every  such  square  has  either  2  n  —  1  digits  or  2  n. 

(a).  Conversely,  if  a  square  number  have  either  2n  or 
2  n  —  1  digits,  its  root  must  have  n. 

For,  102"  is  >  than  the  greatest  number  having  2  n  digits  ; 
and  io2n~2  is  the  least  number  having  2  n  —  1  digits;  Art.  72. 

Now,  the  square  roots  of  these  last  numbers  are  10"  and 
102"-1,  respectively;  the  former  of  which  is  >  the  greatest 
number  having  n  digits,  and  the  latter  is  the  least  number 
which  has  n  digits. 
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(b).  Similarly,  if  a  cube  number  have  3  n,  3  n  —  1  or  3  n—  2 
digits,  the  cube  root  must  have  n. 

(c).  Hence  if  a  number  be  divided  into  periods  of  two,  or 
three,  digits  each,  the  number  of  digits  in  its  square  or  cube 
root  will  be  known  by  the  number  of  periods. 

74.  To  deduce  a  rule  for  the  extraction  of  the  square  root 
of  a  polynomial  quantity. 

We  have  seen,  (Art.  36)  that, 
(ff !  +  at  +  «, «n)2  —  dj2  +  J  2  ax  4-  as    a^ 


+  \2(al+aa+  ....  an.J  +  «»-,  \  <*«• 

Also  the  first  term  of  this  last  quantity  is  the  complete  square 

of  a, ;  the  first  two  of  a^  4-  «2,  the  first  three  of  a1  +  «2  +«3,  &c. 

In  order  therefore  to  extract  the  simple  quantity  «1-|-a2  +  &c. 
from  its  square 

af  +  \ 2  al  +  a2^  az  +  &c. 

it  is  evident  that  we  must  first  extract  the  root  al  of  the  first  term 
«L2,  and  subtract  its  square  from  the  whole  quantity ;  we  then 
observe  that  the  divisor  of  the  second  term  is  2  a1  -f  «2  or  twice 
the  root  already  found  +  a  new  quantity,  which  new  quantity 
is  the  second  term  of  the  root;  by  multiplying  this  divisor  by 
by  that  second  term,  and  subtracting  it,  we  subtract  the  com- 
plete square  of  the  two  first  terms ;  proceeding  in  this  manner 
we  shall,  generally,  after  the  n  —  1th  operation,  have  subtracted 

the  square  of  «a  +  az aM_a  from  the  quantity  proposed, 

and  the  nth  divisor  will  be  2  (a^  +  az  ....  #n-j)  +  «„,  which  is 
twice  the  whole  root  found  +  a  new  quantity,  that  new  quantity 
being  the  wth  term  of  the  root.  In  this  manner  may  the  square 
root  of  any  Algebraical  quantity  be  found ;  observing  that  in 
all  cases  the  quantity  to  be  operated  upon  must  first  be  arranged 
according  to  the  powers  of  some  one  letter. 
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(a).  Since,  Art.  59.  any  number  may  be  represented  as  an 
algebraical  quantity,  the  rule  will  be  equally  applicable  to 
numbers  by  supposing  the  quantities  «a,  tf2,  a3,  &c.  the  digits 
of  the  root,  multiplied  each  by  its  proper  power  of  10. 

(6).  The  number  whose  square  root  is  to  be  extracted  must 
first  be  divided  into  periods  by  the  rule  in  Art.  73, (c).  which  will 
shew  how  many  digits  there  are  in  the  root,  and  then  the  root 
of  the  first  period  must  be  taken  for  the  first  term  of  the  root. 

(c).     This  division  into  periods  must  commence  from  the 
unit's  place,  and  not  from  the  digit  on  the  left  hand,  for, 
let  A  !&*-*  +  /?102*-M-&c.  be  a  square  number  of  2n—  1  digits, 
A'  10s"-1  +  B'  102"-2  +  &c.  be  a  square  number  of  2  n  digits. 

The  root  of  each  of  these  numbers  has  n  digits,  Art:  73  (a), 
and  is  therefore  of  the  form 

a.  10"-1  -f  b  .  10"~2  +  &c. 

Now  the  part  a .  10B~l  may  evidently  be  found  from  the  part 
jl.10-"-8  in  the  first  case;  but  in  the  second,  we  must  take 
both  the  terms 

A'.io"-"-1  +  B1 .  io2"-9^:  iocn-2(^'.io  +  .B), 
in  order  that  their  root  may  produce  the  whole  of  such  a  term 
as  a.  10"-1. 

Hence,  in  determining  the  root  of  the  first  period,  we  must 
make  the  division  into  periods  commence  from  the  unit's  place. 

75.  The  following  scheme  will  render  the  application  of  the 
rule  more  intelligible. 

«i       «8       «3 
To  extract  the  root  of  6,10,09  (200  +  40  +  7 

a:z  =  4  00  00         or  247  the  root  required. 

.  2  «!  +  az  —  400  +  40)  2  10  09 
(20,  +  az)a2  =  1  7600 

2  (al  +  fla)  +  «3  =  480  +  7)  3409 
\2(al  +  «2)  +  as\  a3  -  3409 
In  practice  the  superfluous  cyphers  are  omitted. 

E 


7G.     If  —  be  a  decimal  of  n  places;  its  square  —  -()-3-B  ,  and 

a3 
its  cube  —  y:^,  which  are  decimals  of  2n,  3n,  places  respec- 

tively ;  the  number  of  places  therefore  in  a  decimal  whose  square 
or  cube  root  is  to  be  extracted  must  always  be  made  divisible 
by  2  or  3,  previous  to  dividing  it  into  periods;  this  may  be  done 
by  adding  cyphers  to  the  right  of  the  decimal;  which,  Art.  61  (a), 
does  not  alter  its  value. 

77.  In  the  extraction  of  the  square  root  no  period  can  give 
a  remainder  greater  than  the  double  of  the  root  obtained  ;  for, 
if  a  be  the  root  obtained,  a  +  I  the  next  integer,  then 

(a  +  I)2-  a2+  (2a+  1), 

so  that  if  the  remainder  exceed  by  only  one  unit,  twice  the  root 
obtained,  it  will  be  possible  to  increase  that  root  by  another 
unit. 

78.  It  will  be  shewn  hereafter  (Art.  145,  (4))  that  if  N  be 
not  a  square  number,  V  '  N  cannot  be  represented  by  any  finite 
fraction;  the  root  may  however  be  found  to  any  degree  of  accu- 
racy, by  adding  to  each  remainder  periods  of  two  zero's  each, 
and  carrying  on  the  result  in  decimals. 

79.  We  may  also  find  a  fraction  approaching  in  accuracy 
to  -th  of  the  root  of  N;  and  by  assuming  q  sufficiently  large, 
any  degree  of  accuracy  may  be  thus  obtained. 

X 

Let  —  be  such  a  fraction  ; 
9 

Then  -must  be  <  IV,  and  1±1>2V; 


Hence,  A-  is  - 
and,  x  +  1  is  >•  V  N  q*  ; 

Or  in  other  words,  x  is  the  greatest  integer  contained  in 
VNf. 
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80.  When  one  more  than  half  the  number  of  figures  have 
b<een  extracted,  the  process  may  he  thus  abridged  ; 

Let  N  be  the  number  whose  root  is  to  be  extracted,  and 
having  2n  or  2n  —  1  digits;  Art.  73;  a  the  part  already 
known,  which  is  therefore,  by  supposition,  a  number  having  at 
least  n  digits;  x  the  part  to  be  determined,  and  which  therefore 

cannot  have  more  than  -  —  1  digits; 


:  a  +  x ; 
and  N  =  a*  +  2  o  a-  +  A-'  ; 

N-a*  x^ 

~2^~  h  2a; 

by  transposing  «c  and  dividing  by  2  a. 

Now  since  x  can  at  most  have  -  —  1  digits  ; 

41 

.*.  x*  can  at  most  have  n  —  2.     Art.  73. 

But  a  is  a  number  having  at  least' n  digits ; 

x* 
.'.  a  is  J>  jr8;  and  .'.  —   is  a  proper  fraction  ; 

Cu 

consequently,  -   -  is  <3  -  , 

—    i  *  — 

and  may  therefore  be  neglected  if  we  consider  only  the  integral 
part  of  the  root ; 

•  •    X  —          ~ 

2  a 

and  the  root  required  =  a  +  . 

2  a 

Now  N  —  a2  is  the  remainder  from  the  operation  which  has 

served  to  determine  a.     If  we  denote  it  bv  U,  the  root  required 

R 

will  =  a  +  ;  which  is  a  rule  of  easv  application.     For  ex- 

2  a 

am  pics  see  Francoeur's  complete  course,  Art.  134. 
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81.      To  deduce  a  rule  for  the  extraction  of  the  cube  toot. 

Let  A"  be  the  quantity  whose  root  is  to  be  extracted  ;  and 
suppose  that  after  having  divided  the  number  into  periods; 
Art.  73  (r),  we  find  er,  the  cube  root  of  the  first  period. 

Let  x  =  the  remaining  part  of  the  root ;  then 

JV=  (a,  4-  .r)3=  Oj8  +  3  a*  x  f  3  a^x*  +  xs; 
.'.  A*—  a3  =  (3  Oj2  4-  3  aa  .r  4-  #*)  x  ;  by  transposing  a3  ; 

_  IV—  a* R ^ 

~  3  a*  +  3  a ,  x  4-  x*  ~  3  a*  4  3  </,#  +  x°~ ' 

denoting  the  remainder  N—  af  by  R:  now  4:  must  be  much 
less  than  al  and  therefore  3  a*  must  be  much  greater  than 
x  (3  rtj  4-  x)  •  hence  we  may  neglect  these  terms  in  comparison 
with  3  a^  without  introducing  much  error,  we  shall  have  then 

* 

=  —  nearly, 

which  quantity  we  will  denote  by  «8 ;  having  found  az  we  next 
subtract  (al  +  «2)3  from  JV,  and  calling  the  remainder  R'  we 
find  the  next  part  «3  by  taking  a  number  near  to 

Tfi  ni 

J*>  ft 

and  proceeding  as  before,  considering  a1  +  «2  as  one  quantity, 
wo  at  length  find  the  whole  root. 

Ex.     To  find  the  cube  root  of  986  111  28. 

ni        °<i      a* 

98,611,128  (400  4  60  +  2 

64000000  ==  ax3  [or,  4  62  the  root 
3  «.a  =  480000  "3461.1128  =  R 


=:  555600 


3  («,  -f  rt2)2—  634800 
+  ff)  +  a=      2764 


33336000  =< 


1275128  =  R' 


63/564  :     1275128  =  tf,  j 3 (a1  + 
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It  appears  that  (he  nearest  cube  root  («x)  of  the  first  period 
is  400,  subtracting  the  cube  of  this  from  the  first  period,  the 
remainder  (R)  is  34,000000  ;  to  the  left  of  this,  3  a*  or  4800  is 
placed  as  the  imperfect  divisor:  dividing  R  by  this,  the  quotient 
is  near  to  60,  we  then  in  a  separate  column  write  3  al  or  1200, 

3  a  —  1200       }lc^  *°  it  az  or  60>  ar|d  multiply 
a   —       60       this  sum  1260  by  60:   write  the 

**  2  ~"  •" 

30,  +  «2  =  1260       product    75600    under    the    im- 

2  ftg  —     120       perfect   divisor,    and   add    these 

3  (a1  +  azJ  —  1380       numbers    for   a    perfect   divisor, 

fta  ~~ £      which  it  appears  in  this  case  is 

3  (a.  +  «  )  +  0,  —  1382        ffeff         TIT  !,•   i    .1  •    u  i 

555600.     Multiply  this  by  60  and 

write  the  product  33336000  under  the  first  remainder  R,  and 
subtract ;  this,  added  to  400]3,  which  has  been  already  sub- 
tracted from  the  original  number,  makes  up  (at  +  «2)3  or 
(400  +  60)3,  the  remainder  1275128  is  therefore  what  has  been 
denoted  by  R'.  For  a  new  imperfect  divisor,  we  write  602 
under  the  last  perfect  divisor,  add  this  and  the  two  numbers 
above  it,  the  sum  is  3  x  400  2.  Lastly,  to  the  number  in  the 
separate  column  we  add  2  x  60  or  120,  the  sum  1380  is  3  x460. 
Dividing  by  the  new  imperfect,  divisor  we  find  2  the  next  digit 
of  the  root,  with  which  we  proceed  as  before.  Add  2  to  1380, 
multiply  the  sum  by  2  and  add  the  product  to  the  imperfect 
divisor  for  a  new  perfect  divisor:  we  then  multiply  this  perfect 
divisor  by  2.  When  we  have  subtracted  the  product  we  have 
subtracted  462 3,  which  as  there  is  no  remainder  must  be  the 
root  sought. 

(a).  The  rule  may  be  thus  stated.  Divide  the  proposed 
number  into  periods  of  three  digits  each,  beginning  with  the 
unit's  place,  Art.  74  (c).  Find  the  greatest  digit  whose  cube  is 
contained  in  the  left  hand  period,  this  will  be  the  first  term  (a^) 
of  the  root;  subtract  a?  from  the  first  period,  and  to  the  right 
of  the  remainder  write  the  second  period  to  form  a  dividend;  to 
the  left  of  this  write  3  a^  to  which  annex  two  zero's  to  form  an 
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imperfect  divisor ;  in  a  separate  column  write  3  al ;  find  a 
second  digit  a2  by  dividing  the  dividend  by  the  imperfect  divisor, 
and  annex  it  to  3  a^  in  the  separate  column;  multiply  the  num- 
ber in  this  column  as  it  now  stands  by  a2,  and  add  the  product 
to  the  imperfect  divisor,  this  will  make  the  divisor  perfect ; 
multiply  the  perfect  divisor  by  az  and  subtract  the  product  from 
the  dividend,  and  bring-  down  the  next  period.  To  obtain  a  new 
imperfect  divisor  write  «22  under  the  last  perfect  divisor,  and 
take  the  sum  of  </2a  and  the  two  numbers  immediately  above  it; 
then  add  2  aa  to  the  lowest  number  in  the  separate  column,  and 
proceed  as  before  until  all  the  digits  of  the  root  are  obtained. 

For  examples,  see  "  Library  of  Useful  Knowledge — Arith- 
metic and  Algebra,  Art.  181,  whence  the  above  rule  has  been 
taken. 

(£).  If  there  be  a  remainder  at  last,  by  adding  periods  of 
three  zero's  to  it,  we  may  find  the  decimal  parts  of  the  root. 

82.     The  fourth  root  may  be  extracted  by  taking  the  square 

i_          JL  * 
root  of  the  square  root,  for  a*  =.  (a  )  ,  Art.  24,  the  fifth  root, 

by  taking  the  square  root  of  the  cube  root,  and  so  on;  but  these 
operations  for  the  higher  roots  are  very  seldom  employed  in 
practice. 


CHAPTER    V. 


ON   EQUATIONS. 

83.  THERE  are  three  meanings  of  the  sign  =  when  it  is 
placed  between  two  quantities  : 

1st.  when  it  expresses  that  one  member  is  the  result  of  an 
operation,  which  on  the  other  side  is  indicated  but  not  performed 
as  in  the  example, 

a     _      ,          ,        2   ,        3      o 
1  —  x~~ 

2nd.  When  one  quantity  is  Algebraically  equivalent  to  the 
other,  as  in  the  example  above,  where  if  the  series 

I        „  I  2      I        firp 

be  employed  as  a  factor  in  multipliction  it  will  produce  the 
same  result  as  when  - —    — ,  is  so  employed. 

3rd.  When  each  member  is  reducible  to  identical  expres- 
sions ;  as  in  the  above  example,  when  the  remainder  is  taken 
into  account  in  the  division  of  a  by  1  —  .r;  in  this  case,  the  ex- 
pressions are  equal  as  well  as  identical. 

For  a  further  explanation  of  these  principles,  see  Peacock's 
Algebra,  page  100. 

84.  In  the  Algebraical  theory  of  equations,  those  only  are 
considered,  whose  members  are  not  reducible  to  identity  with 
each  other.     An  equation  may  then  be  defined  to  be;  "A  pro- 
position stating  that  the  result  of  certain  operations  performed 
on  certain  quantities,  is  equivalent  to  the  result  of  certain  ope- 
rations  performed   on   other    quantities  ;    the    quantities,    the 
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operations,  and  the  equivalency,  being  expressed  by  Algebraical 
symbols." 

Def.  A  root  of  an  equation  is  such  a  quantity  as  when 
substituted  for  the  unknown  quantity,  satisfies  the  equation, 
that  is,  converts  it  into  an  identical  one. 

85.  The  general  principle  by  which  the  root  of  an  equation 
may  be   discovered,  is,  that.   "  Any  change  may  be  made  on 
the  two  members  of  an  equation  which  does  not  disturb  their 
equality." 

86.  In  accordance  with  this  principle,  the  following  changes 
are  the  most  frequent : 

(I).  Any  term  may  be  transferred  from  one  side  of  an 
equation  to  the  other  by  changing  its  sign;  for  this  is  in  fact 
only  subtracting  that  term  (with  its  proper  sign)  from  both  sides 
of  the  equation. 

Hence  the  signs  of  ail  the  terms,  on  both  sides,  may  be 
changed. 

(2).  Both  members  of  an  equation  may  be  multiplied  or 
divided  by  the  same  or  equal  quantities. 

Hence  if  an  equation  contain  fractions,  and  both  its  members 
be  multiplied  by  the  least  common  multiple  of  the  denominators 
of  all  the  fractions,  the  equation  itself  will  be  cleared  of  fractions. 

Also,  both  members  of  an  equation  may  be  raised  to  any 
power ;  and  conversely  any  root  of  both  may  be  extracted. 

Hence,  also  an  equation  may  be  divided  by  the  whole  factor 
or  co-efficient  into  which  the  unknown  quantity  is  multiplied ; 
and  then  the  unknown  quantity  will  stand  alone. 

87.  By  some  of  the  above  processes,  any  equation  may  be 
reduced  to  the  form 

A-"  —  p  a-—1  +  q  .r"-2  -  r  #"-3  +  &c.  +  Q  x  -  R  =  0, 
where  the  quantities,  p,  7,  &c.  do  not  involve  x,  but  may  be 
positive  or  negative,  whole  or  fractional. 
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88.  Equations  are  called  simple,  quadratic,  cubic,  biqua- 
dratic, &c.  according-  as  they  involve  the  1st,  2nd,  3rd,  or  4th, 
power  of  the  unknown  quantity,  x. 

89.  Every  simple  equation  can  have  but  one  root.     For  let 
x  —  R  =.  0  be  a  simple  equation ;  and  let  a  be  one  root,  and  if 
possible,  /3  a  different  one.   Then,  putting  o  for  x,  see  Def,  p.  39, 

a  —  R  —  0  ;  and  also,  /3  -  R  =  0. 
.-.  a  —  ft  =i  0,  by  subtraction  ;  or,  a  =  /3, 
which  shews  that,  in  fact,  the  roots  a  and  ft  are  the  same. 

90.  \fax  +  by  —  c  1   be  given  to  find  x  and  y,    the 

a' x  +  b'y  =,  c'  >   methods  are  three : 

(1).     Multiply  the  first  equation  by  an  arbitrary  quantity  k; 

assume  k  a  •=.  a1  or  k  =  — ,  this  will  render  the  co-efficients  of 

a 

x  equal  in  both  equations,  so  that  x  may  be  eliminated  by  sub- 
tracting1 one  equation  from  the  other. 

(2).  Obtain  from  each  equation  independent  values  of  one 
unknown  quantity  in  terms  of  the  other,  and  equate  these  values. 

(3).  Find  the  value  of  x  in  terms  of  y  from  the  first  equa- 
tion, and  substitute  that  value  for  x  in  the  second. 

(a).     The  result  obtained  by  any  one  of  these  methods  is 

c  b'  —  b  c  a  c'  —  c  a' 

~  ~^b'  -bo!  ;  y  -  a  b'  -ba' ' 

91.  If  there  are  three  equations  involving  x,  y  and  z,  the 
process  is  this : 

Eliminate  z  from  the  two  first,  this  will  give  an  equation 
between  x  and  y. 

Eliminate  z  from  the  second  and  third,  this  will  give  another 
equation  between  x  and  y. 

Having  deduced  these  two  independant  equations  between 
x  and  yt  the  case  is  reduced  to  the  one  considered  in  last  Article. 
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QUADRATIC   EQUATIONS. 

92.     The  general  form  of  a  quadratic  equation  is 

or2  —  p  x  =.  q. 

By  adding  another  quantity  to  each  side  of  this  equation,  we 
may  make  the  first  a  complete  square ;  let  L  be  such  a  quantity ; 

.*.  a?  —  p  x  +  L  —  L  +  q. 
Extracting  the  root  on  each  side,  Art.  74,  we  find  the  root 

o 

of  the  first  side  is  x  —  ^ ,  with  a  remainder  L  —  *-—t  which  in 
order  to  make  the  first  side  a  complete  square,  must  ==  0. 

Whence,  L  =  (| V,   and  *  -  |  =±  VL  +  q. 


which  are  the  roots  required. 

(a).  If  p  —  0,  the  roots  are  then  ±  \/q,  such  equations 
are  called  pure  quadratics,  the  first  kind  being  denominated 
adfected. 

(6).  It  appears  that  since  the  solution  of  every  quadratic 
equation  involves  the  extraction  of  the  square  root  of  some 
quantity,  such  equations  must  have  two  roots. 

93.  It  appears  from  a  view  of  the  process  in  Article  90, 
that  the  elimination  of  one  unknown  quantity  diminishes  the 
number  of  equations  by  one.  Hence,  in  order  that  we  may 
have  a  final  equation  to  determine  the  unknown  quantity  re- 
maining, we  must  have  as  many  independant  equations  (that  is, 
equations  not  deducible  from  each  other)  as  we  have  unknown 
quantities.  If  there  are  more  equations  than  unknown  quan- 
tities, the  excess  is  superfluous;  if  fewer,  the  unknown  quantities 
are  indeterminate. 
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94.  Quadratic  and  other  higher  equations  involving  more 
than  one  unknown  quantity  may  frequently  be  solved  by  the 
principles  of  elimination  given  in  Arts.  90  and  91.  The  follow- 
ing is  a  method  more  general,  though  not  frequently  so  conve- 
nient as  those  of  Arts.  90  and  91. 

Let         F(#,y)=0,    (1). 

/(*,y)  =  0,    (2). 

be  two  equations  involving  x  and  y. 

Now  there  must  be  as  many  values  of  x  in  these  equations  as 
there  are  of  y. 

Hence  for  every  "proper  value  of  y,  (that  is,  values  not  merely 
introduced  by  the  process  of  solution,  (see  Peacock's  Algebra, 
p.  596.)  in  these  equations,  there  is  a  corresponding  one  of  x\ 
if  then,  one  of  these  values  of  y  be  substituted  in  both  of  the 
equations  (1)  and  (2),  the  resulting  equations  will  involve  x 
only ;  and  they  will  have  one,  two,  or  more,  values  of  x  common 
to  them  both.  Let  the  equations  become  in  consequence  of 
such  a  substitution 

F'  (x)  =  0    and  /  (*)  =  0  ; 

these  equations  having  common  values  of  x  will  consequently 
have  a  common  factor  involving  it. 

To  find  this  common  factor  we  must  take  the  two  original 
equations,  and  divide  one  by  the  other,  as  in  the  process  for 
discovering  the  greatest  common  measure,  Art.  53,  (excluding 
throughout  fractional  quotients  and  remainders)  until  we  obtain 
a  remainder  involving  y  only ;  and  by  equating  this  remainder 
to  zero,  we  shall  obtain  a  value  of  t/,  which  when  substituted  in 
the  last  divisor  (involving  of)  will  make  that  divisor  a  common 
factor  of  equations  (1)  and  (2).  And  by  finding  all  such  values 
of  y  we  may  thus  obtain  all  the  proper  values  of  x. 
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(«).     The  above  process  will  not  apply 

1st.     When  the  original  equations  are  incompatible   with 
each  other,  this  is  indicated  by  the  last  remainder  or  the  last 
divisor,  becoming1  a  numerical  quantity  which  cannot  be  made 
=  0 

2nd.  When  the  original  equations  have  a  common  factor  ; 
this  is  indicated  by  the  final  equation,  involving1  y  only,  be- 
coming an  identical  one:  we  must  in  that  case  exclude  the 
common  factor  from  the  two  first  equations  and  recommence 
the  process. 

3rd.  Two,  three,  or  more  values  of  x  may  correspond  to 
the  same  value  of  y  in  the  two  first  equations,  in  which  case  the 
common  factor  of  F'  (x)  and  f  (x}  will  be  a  quadratic,  cubic, 
or  higher  equation  in  x ;  we  must  then  make  the  last,  two  last, 
&c.  divisors  =  0,  in  order  to  obtain  the  corresponding  proper 
value  ofj/.  See  Francceur's  complete  course,  Art.  523. 

(6).  The  process  of  finding  the  highest  common  divisor  of 
F'  (x)  and  /'  (x)  may  introduce  factors  into  the  resulting  equa- 
tion in  y,  (and  therefore  values  of  y  in  that  equation)  which  are 
foreign  to  the  original  equations,  but  this  can  never  happen 
when  the  original  equations  do  not  exceed  the  second  degree. 
See  Peacock's  Algebra,  p.  646. 

For  examples  in  the  preceding  theory,  and  a  more  full  ex- 
planation of  the  principles  upon  which  it  is  founded,  see  Pea- 
cock's Algebra,  p.  641  ct  seq.  Also,  Francceur's  complete 
Course,  Art.  621,  where  several  examples  are  given. 

95.  Different  artifices  may  frequently  be  resorted  to,  which 
will  often  be  much  shorter  than  the  general  process  of  elimina- 
tion, explained  in  the  last  Article. 

(1).  When  the  sum  of  the  dimensions  of  the  unknown  quan- 
tities in  every  term  of  each  equation  is  the  same,  make  y  =  t  x 
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and  substitute  this  value  for  y,  this  will  in  general  simplify  the 
equations. 

(2).  When  the  unknown  quantities  are  similarly  involved, 
assume  x  =  z  +  v,  and  y  =  z  —  v ;  by  these  substitutions  we 
shall  obtain  simpler  equations  to  solve  in  s  and  v,  than  the  orig- 
inal ones  in  x  and  y  :  having  found  z  and  v,  or  and  y  will  be 
known  from  them. 

(3).  Divide  one  equation  by  the  other,  when  this  can  be 
done  without  leaving  remainders. 


:<  'ii  -t 
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CHAPTER  VI. 


ON   INEQUALITIES. 

96.  AN  inequality  is  a  proposition  which  expresses  Alge- 
braically that  one  quantity  is  greater  (>),  or,  less  than  (<), 
another. 

97.  If  A  >  B  then  B  <  A ;  so  that  if  the  members  of  an 
inequality  be  transposed,  the  sign  of  inequality  must  be  re- 
versed. 

98.  Let  A  be  >  B  and  —  B  +  3 ; 

/.  A  +  L  =  B  +  L  +  S-, 

L  being  any  arbitrary  quantity  ; 

.-.  A  +  L  >  n  +  L. 
Similarly  A  -  L>  B  -  L. 

Hence  we  see  that  any  quantity  may  be  added  to,  or  sub- 
tracted from  both  members  of  an  inequality,  and  the  same 
species  of  inequality  will  still  subsist. 

99.  A  fortiori,   each  member  of  the  inequality  may  be 
added  to  itself  any  number  of  times,  or  if  A  >  B,  then  p  A 

•>pB,   and   conversely,   --  A  >>  -B. 

(a).  Again,  if  p  A  ~>p  B  then  A  is  >  B,  so  that  an  in- 
equality may  be  divided  by  any  factor  common  to  both  its 
members. 

i         i 
(!>).    Also  if  A  >  B  then  Am  >  Bn  and  Am  >  B'\ 
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100.  A  quantify  may  be  transferred  from  one  member  of  an 
inequality  to  the  other,  by  changing  its  sign,  for  this  is  the  same 
as  subtracting  it  from  both  sides.     Art.  98. 

101.  If  A  >  L  ;  then  by  transposition,  —  J3>  —  A  ;  and 
.-.  -  A  <  -  B. 

Hence  it  appears  that  if  the  signs  of  both  members  be 
changed  the  inequality  must  be  reversed. 

(rt).  Conversely,  if  the  inequality  be  multiplied  or  divided 
by  a  negative  quantity  (which  would  change  the  signs  of  both 
members)  the  inequality  is  reversed.  That  is,  if  A  >  B,  then 

—  p  A  <  —  p  B.  and  similarlv, A  < B. 

P  P 

102.  It  is  evident  that  if  A  >  B  and  A1  >  R,  then 
A  +  A1  >  B  +  B1,  and  A  -  A'  >  B  ~  B1. 

(a).    Also,  that  if  A  —  $  >  B  or  A  >  B  +  8,  then  A  >  B. 
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CHAPTER    VII. 

ON  RATIOS,   PROPORTION,   AND  VARIATION. 

SECTION  I.     On  Ratios. 

103.  THE  term  ratio  is  used  to  express  the  relation  which 
exists  between  two  quantities  of  the  same  kind,  with  respect  to 
magnitude. 

(a).     Hence  if  a  and  b  be  two  magnitudes,  the  fraction  ^ 

6 
will  represent  their  ratio;  which  is  also  denoted  thus;  (a  :  6). 

104.  A  ratio  is  said  to  be  a  ratio  of  greater  or  less  in- 
equality, according  as  the  antecedent,  (or  first  term) ;  is  greater 
or  less,  than  the  consequent ;  (or  last  term). 

105.  A  ratio  of  greater  inequality  is  increased,  and  of 
less  inequality  diminished,  by  adding  any  quantity  to  both  its 
terms. 

Let  -r-  be  the  first,  and   .    ,        the  second  ratio,   found  bv 
o  o  +  &  J 

adding  the  quantity  a:  to  each  term;  the  first  ratio  will  be  greater 
or  less  than  the  second,  according  as,  j-  is  >  or  <  ~    — ; 

that  is  as 

ab  +  ax  .  a  b  -f  b  x 

j-7j— — ;  is  >  or  <  ,  ../    — T  ,  Art.  44. 

6  (b  +  #)  b  (b  +  .r) 

or  as  a  x  is  >  or  <  b  x,  Art.  98. 
or  as  a  is  >  or  <  b,  Art.  99.  (a). 

that  is,  according  as  the  primitive  ratio,  -j-,  is  one  of  greater 
or  less  inequality.     Art.  104. 


49 


106.  If  ?   and   ~  be  two  ratios,  then,  -—  j  is  called  the 

da  o  a 

sum  of  these  ratios  or  the  ratio  compounded  of  them:   also 

a2  .  (i 

Y2  is  called  the  duplicate  ratio  of  -r  . 

,_„      ,»  a        b        c       d       e        0 

107.  If  T  =  —  =  --7  =  -=  -^—  &c. 

o        c       d       e       j 

Then  the  compound  ratio  is  ,     ,   f  which  in  this  case  =  -^-. 
Art.  42  (a). 

108.  If  the  terms  of  a  ratio  be  large  quantities,  differing 
but  little  from  each  other,  we  may  find  their  double,  treble,  &c. 
ratio,  in  an  easier  manner  than  by  actual  involution. 

Let      ~"     be  the  ratio,  where  the  difference  3  is  very  small 
a 

compared  with  a,  then  n  times  this  ratio 
.  ,06.)  = 


a 

3        n  (n  —  1)  /a  V       o 
=  1  ±  n  -  +  —  \  —  —  —  I    -  I    ±  &c. 
a  1.2        \as 

by  the  binomial  theorem.     See  Art.  138. 

• 
Now  the  fraction  -  is  very  small  by  hypothesis  ;  therefore 

not  much  error  will  be  introduced  by  neglecting  its  square  and 
other  higher  powers;  the  compound  ratio  will  then 

a  a  ±  w£ 

=  1  ±  n  —  nearly  =  -  . 
a          J  a 
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SECTION   II. 


ON  PROPORTION. 

109.  Proportion  is  the  equality  of  ratios;  thus  if  the  ratio 

CL  C 

-r  be  equal  to  the  ratio  -r ,  then  the  four  quantities  a,  b,  c,  d, 

are  said  to  be  proportionals ;  this  is  also  expressed  by  writing 
the  quantities  thus ;  a  :  b  ::  c  :  d;  or,  a  :  b  =  c  :  d. 

ft  /* 

110.  Granting  that  a  :  b  ::  c :  d;  or,  -r  =  -7;  the  following 
propositions  are  true : 

(a).     The  product  of  the  extremes  —  that  of  the  means. 

For  if  —  =  -7   .*.  a  d  =  b  c. 
b       d 

Conversely  if  a  d  =  6  c,  then  a  :  6  ::  c  :  d. 

(/3).     Invertendo.     b  :  a  ::  d  :  c. 

a  c 

For  divide  unity  by  each  of  the  equal  quantities  -r  ,  and  -^  , 

/. = —  or  —  =  - ;     that  is,  b  :  a  ::  d  :,  c. 

(?)  (S)   "   c 

(y).     Alternando.     a  :  c  ::  b  :  d. 

For  ad— be  by  (a) ;  divide  these  equals  by  d  c, 

a       b  ,      , 

.•.  —  =  — , ,  or  a  :  c  ::  b  :  a. 
c       d 

(2).     Componendo.     a  +  b  :  b  ::  c  +  d :  d. 

ft.        r 
For,  adding  1  to  each  side  of  the  equation  —  =  ~  , 

a  c  a  +  b  c  +  d 

that  is,  a  +  b  :  b  ::  c  +  d  :  d. 
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(e).     Dimdendo.     a  —  6:6  ::  c  —  d  :  d. 

x,        a  c  a  —  be  —  d 

ror,  T  —  1  =  —  —  1    or  — 5 —  =  — ; — . 
b  d  b  d     ' 

that  is,  a  —  b  :  b  ::  c  —  d  :  d. 

(£).     Convertendo.     a  :  a  —  b  ::  c  :  c  —  d. 

-ri       •  i    ,1       v  b       d  b  d 

c  or,  invertendo  (by  /3)  —  =.  — ;  /.  1  —  —  =  1 , 

'  a       c  '  a  c 

a  —  6       c  —  d 

—       _  _    .  • 

«• 

a  c 

and,  invertendo  again,  ,  = -? , 

'   a  —  b       c  —  d 

that  is,  a  :  a  —  b  ::  c  :  c  —  d. 

(»?).     Since  by  (£)  — r—  —  — -^ — ,  and  by  (e)  — r —  =       .     , 

by  dividing  the  first  result  by  the  second,  we  have, 

a  +  b       c  +  d 

— r  =  -j  ;  or  a  +  6  :  a  —  b  ::  c  +  d  :  c  —  d. 

a  —  o       c  —  d 

(0).  ma:  mb  ::  it  c  :  nd;  where  m  and  n  are  any  quanti- 
ties whatever. 

_,        a       c          ma       nc 
For,   j-=  -j;  .'.  — -r  =  —7 ,  Art.  42. 
b       d'         mb       nd 

that  is,  m  a  :  m  b  ::  n  c  :  n  d. 

Hence,  conversely,  any  factor  common  either  to  the  first  and 
second,  or  to  the  third  and  fourth  terms  of  a  proportion  may  be 
expunged. 

(t).     m  a  :  n  b  ::  m  c  :  nd; 

For  since,  ^  =  ^ ;   by  multiplying  both  sides  by  — ,  we 

m  a       m  c       „,,    ,  .  ,  , 

have,  — r  =  — j  •     1  hat  is,  w  a  :  M  6  ::  m  c  :  M  «r. 
no       nd 

Hence  also,  conversely,  any  factor  common,  either  to  the 
first  and  third,  or  to  the  second  and  fourth,  terms  of  a  propor- 
tion may  be  expunged. 


52 

(c).     wi  a  ±  M  6  :  pa±.  qb  ::  m  c  ±  nd  :  p  c  ±  q  d. 

_,       ma       me 

For  — r  =  — -j  ;  by  (t) ; 

no        nd  '     J  v 

hence,  componendo  or  dividendo, 

ma±nb  __  m  c±  nd 
nb  nd 

0.    .,    ,       pa  ±  qb       pc±  q  d 
Similarly,    —   — -r —  =  •=--   — r —  ; 
qb  qd 

and  dividing  one  of  these  results  by  the  other, 

ma±.nb    qb__mc±nd    qd 
pa±qb'nb        pc±c/d'nd' 

ma±nb       mc±  nd 

Q»"  — 

pa±  q  b       p  c±  q  d' 

By  giving  to  m,  n,  p,  and  q,  different  values,  this  result  may 
be  made  to  include  all  the  previous  propositions  on  proportion. 


m  m 


(X).     an  :  bn  ::  cn  :  dn  . 


ft  C 

(fj).     If  besides  the  proportion  —  =  -j-  we  have  several  other 

proportions  as 

«'  _  c'     «"  _  c"     „ 

17~  d1'  F-^'  fi 
then,  multiplying  these  equations  together,  we  have 

a  a'  a"  _  c  c'  c" 
b  b'  b"  ~  ^TdTd'  ' 

or        a  a'  a"  :  b  b'  b"  ::  c  c'  c"  :  d  d'  d". 

This  is  called  compounding  the  proportions  ;  and  common 
terms  appearing  in  the  result  may  be  expunged  by  (0)  or  (t). 

(a).     If  a  :  b  ::  c  :  d  ::  e  :/::  y  :  h  ::  &c.  then, 
a  :  b  ::  a  +  c  +  e  +  «y  +  &c.  ::  b  +  rf  +/  +  h  +  &c. 


For,    ab  —  ba, 
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ad  =  be,  f 

^      r.  /-by  Art.  110  (a). 

af-be,  ( 

ah  =  bg,  } 

&c.  =  &c. 


/.  a  (b  +  d  +f  +  h  +  &c.)  =b(a+c  +  e  +  g±  &c.), 
or,  Art.  110  (a). 

a:b::a  +  c  +  e  +     +  &c.  :  b  +  d  ++  h  +  &c. 
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SECTION  III. 


ON   VARIATION. 

lit.  Def.  (1).  If  there  be  two  quantities  x  and  y,  which 
constantly  change  in  value,  x  is  said  to  vary  as  y  (denoted  thus, 
x  oc  y}  when  the  new  values  of  each  respectively,  are  in  con- 
tinued proportion.  Thus  if  x',  and  y'  be  the  new  values  of  x 
and  y,  then  x  ay,  if,  x  :  y  ::  x' :  y'. 

(2).     If  x  oc   - ,  x  is  said  to  vary  inversely  as  y ;  and  con- 

y 
versely,  y  is  said  to  vary  inversely  as  x. 

(3).     Jf  x  oc  y  z\  x  is  said  to  vary  jointly  asy  and  z. 
112.     If  x  cc  Y,  and  y  <x  z  ;  then  x  cc  z. 
For    x  :  x' ::  y  :  y' 


by  hypothesis, 
and  y  :  y' ::  e  :  z 

.:    x  :  x' ::  z  :  z'        Art.  110  (p.). 
That  is,  x  ac  z. 

113.     If  x  x  z   ana"  y  cc  z;    <Aew  a/so    1/  xy  cc  z 
x  ±  y  cc  z. 

For        .r  :  x1 ::  ar :  z 
y  :  y'  ::  z  :  z' 

/.    #y  :  x'  y'  ::  z2  :  z'2 

or     t/tf^T:  VVy  ::  z  •  «',    Art.  110  (x). 

that  is,     1/#y  =&  z. 
Again,  since,    x  :  x  ::  z  :  z' ::  y  :  y'; 
/.  alternando,    #  :  y  ::  x1 :  y'; 
componendo  or  dividendo,  x  ±  y  :  y  ::  x  ±  y' :  y' ; 
alternando,        x±  y  :  x' ±  y' ::  y  :  y' ; 

::  2  :  z'. 
That  is,  a:  ±  y  oc  z. 
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114.  If  x  x  y  and  z  be  any  other  quantity  variable  or 
invariable,  then  z  x  cr.  z  y. 

For,  since,    x  :  x' ::  ?/  :  y' ; 
and,     z  :  z'  ::  z  :  z  ; 
.'.  Art.  110  (t).  xz\x'z''.\yz\  y'z'; 
that  is,  x  z  &<  y  z. 

(a).  If  2  be  constant,  we  have  similarly,  #  cc  2  y,  and  if  it 
be  assumed  so  that  x'  =.  z  y1,  we  shall  then  have,  x  rr  z  y ;  so 
that,  in  all  cases,  if  one  quantity  vary  as  another,  it  is  equal  to 
that  other,  multiplied  by  some  constant  quantity. 

(6).  Hence,  a  variation  may  be  operated  upon  as  an  equa- 
tion, without  destroying  the  truth  of  the  variation. 

30 

(c).     If  x  cc  y,  dividing  each  by  y,   -  cc  l,  or  is  constant. 

y 

•yt 

(d).     Also,  if  x  cc  y  z,  then  dividing  by  y,  z  cc  —  . 

y 

115.  If  x  cc  y  and  X  cc  F  then  X.r  cc  y^/ ;  for 

x  :  x'  ::  y  :  «/' 
X:X'::  T:  F' 


X'*'::  Fy  :  Y'  y1  ; 
that  is,  Xa;  cc 


1  16.  If  a  variable  quantity  is  to  be  changed  by  the  opera- 
tion of  two  or  more  causes  it  is  indifferent  whether  we  consider 
all  those  causes  as  acting  together,  or  whether  we  consider  a 
partial  change  to  be  effected  by  one  cause,  then  another  partial 
change  to  be  effected  by  another,  and  so  on,  considering  the 
effect  of  all  the  causes  separately.  Suppose  the  variation  of  x 
to  depend  upon  the  variations  of  ylt  yz,  y3,  y4,  &c.  in  the 
following  manner, 
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when 


are  constant. 


!»  Vy  and  y 
•/v  yy  and  y 

2/3         I  yv  y^>  an(i  y 

y,,  y.,  and  y 

^7  «  t7  1'   *7  S"  «7  j 

Then  when  all  these  quantities  are  variable 

a:  will  x  yt  .  yz  .  y3  .  y4. 
For,  let  us  consider  the  changes  separately ;  and  let 

a:  become  jc1  when  yt  becomes  y\ ; 
then,  xt xz  . . . .  yz   t/'2 ; 


then  a:4  will  be  the  final  change  which  x  undergoes  in  conse- 
quence of  the  variations  of  all  the  quantities  yv  yv  yy  and  ?/4; 
and,  by  compounding  all  these  proportions,  and  striking  out 
common  factors,  Art.  110(/i),  we  shall  have, 


or 


yz 


(a).  It  is  upon  this  principle  that  questions  in  both  the 
single  and  double  rule  of  three  are  solved  ;  x  being  put  for  the 
effect  produced,  and  yr  y&  &c.  for  the  agents  or  causes,  which 
produce  that  effect.  See  Peacock's  Algebra,  p.  324. 
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CHAPTER    VIII, 


ON  PROGRESSIONS. 

117.  QUANTITIES  are  said  to  be  in  Arithmetic  Progres- 
sion, when  they  increase  or  decrease  by  a  common  difference  : 
and  in  Geometric  Progression  when  they  increase  or  decrease 
by  a  common  multiplier,  or  ratio. 

118.  To  find  the  sum  of  a  series  of  quantities  in  Arith- 
metic Progression. 

Let  a  r=  first  term,  b  the  common  difference,  n  the  number 
of  terms,  s  the  aggregate  sum,  then  by  the  definition, 

s  =  a  +  (a  +  6)  +  (a  -f  2  £)  ----  +  (a  +  n—  1  fe), 
and  writing  the  terms  in  a  reverse  order, 


now  add  the  terms  of  these  two  lines  together  as  they  stand, 
.*.  2  *  =  (2  a  -f  n  —  1  6)  +  (2  a  -f  n  —  1  6)  +  &c.  to  n  terms. 
=  n  (2  a  +  n  -  I  b)  ; 


putting  y  —  a  +  (n  —  l)b  —  last  term. 

(a).  Hence  the  rule  for  summing  an  Arithmetic  Progres- 
sion is:  "add  the  first  and  last  terms  together,  and  multiply  by 
half  the  number  of  terms." 

(b).  Any  three  of  the  quantities  *,  a,  n,  or  b,  being  given, 
the  fourth  may  be  found  from  the  equation, 


s= 
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(c).     Also,  if  a,  y,  and  $  be  given,  b  may  be  found  by 
eliminating  n  from  (he  equations, 

y*-q* 


119.     To  iwserf  p  arithmetic  means  between  u  and  v. 
Here,  n  =  p  +  2  ;  also,  v  =  w  +  (w  —  1)  b  =  M  +  Q»  +  1)5; 

,  __  t;  —  u 

~  p  +  1  J 

hence  the  means  are  found  by  adding  once,  twice,  &c.   this 
value  of  b  to  «,  we  have  then, 

v  —  M       pu  +  v 

1st  mean  =  u  +        -  =  *-  -  . 
p  -t-  1         p  +  1 

2nd  menn  =  tf  +  2 

„ 
3rd  mean  r=  u  +  3 


»th  mean  =  u 


p  +  1  p  .+  i 

t;  —  M        (»—  2)u 
--  =  ^-  -  i  —  -3 
P+  1  p  +  1 

f  —  M  U  +  »V 

-  -  r=  -  -  —  . 
p  +  l         p  +  1 


/    \        ir  ^u  .    U  +  V 

(a).     If  p  =  1  the  mean  is  —  —  —  . 

120.     To  find  the  sum  of  a  series  of  quantities  in  Geometric 
Progression. 

Let  a  =  first  term,  £  =  sum,  r  =  common  ratio,  y  =  last 
term;  then, 

S=a  +  ar  +  ar9  ......  +  a  r*~z  +  a  r"-1  ; 

.'.  S  r  =  a  r  +  a  r2  +  a  r3  ......  a  r*~*  +  a  r", 

and  by  subtracting  the  upper  line  from  the  lower 
Sr  —  S  =  —  a  -far"; 


r_  !         r-l 

(a).  Any  three  of  the  quantities  r,  y,  a,  S,  being  given  the 
fourth  may  be  found. 

(Z>).  Also  n  may  be  found  by  means  of  logarithms,  when  o, 
r,  and  £  are  given. 
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121.  If  the  number  of  terms  be  indefinitely  continued;  r 
being  a  proper  fraction,  each  term  will  be  less  than  the  pre-^ 
ceding  one,  and  in  that  case,  since  by  going  far  enough  we  may 
find  a  term  less  than  any  magnitude  which  can  be  assigned, 
there  will  be  some  quantity  to  which  the  sum  of  the  terms  ap- 
proaches but  never  actually  reaches,  let  this  be  or. 

Then  a  =  a  +  a  r  4-  a  r*  +  a  r3  +  ......  in  infinitum  ; 

.'.  a  r  =  a  r  +  a  r3  +  a  rs  +  a  r4  ......  +  in  infinitum. 

hence  ^r\^ur^CtL^          cr  -  err    -a. 


<r  r 


J  ~r 
(a).     If  we  divide  a  by  Ttr**n$  we  shall  re-produce  the  inde- 

finite quotient 

a+ar  +  «r2  +  &c. 

hence  the  expression  —  —  —  is  symbolically  equivalent  to  this 
quotient.     See  Art.  83. 

122.     To  insert  p  Geometric  means  between  u  and  v« 
Here,  number  of  terms  =  p  +  2. 
Also,  v  •=.  u  r"~!  ; 

V  \  ^Ti          /  V 


and  the  means  are 

(v\^Fi         /fVl'      p 
J    '«\iJ    '&c- 

p 

(v  \  f"*"1 
-  J 

(a).     If  p  —  1,  the  mean  is  u  V/      = 
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123.  The  principle  employed  in  summing  a  Geometric 
series  (Art.  120.)  may  be  employed  in  finding  the  sums  of  many 
other  series  which  follow  a  similar  law. 

Ex.  To  sum  a  series  of  fractions  whose  numerators  are  in 
Arithmetic  and  denominators  in  Geometric  Progression. 

T*««-        .a  +  t>a+2t>  a+(n-l)b 

Let  S_  a  +—  —  -+  —  -3  —  ......  +       —jt=i  --  ? 

jV  ___  a        a  +  b        a  +  2  b  a  +  (n  —  I)  b 

'  7  "  7  H    ~r*~~         ~^r*~  ~~r»~ 

S  b        b  b         a  +  (/*—!)/> 


r  —  1  r" 

.    „         ra          a  +  (n  -/)  b        b(r»->-  1) 
'  r  -  1  "      rn->  (r  -  1)   "h  r*-*(r  -  I)2  ' 

124.  Three  quantities  are  said  to  be  in  Harmonic  progress- 
ion, when  the  first  is  to  the  third  as  the  difference  between  the 
first  and  second,  is  to  the  difference  between  the  second  and 
third. 


125.     The  reciprocals  of  quantities  in  Harmonic  Progres- 
sion are  in  Arithmetic  Progression. 

For  if  av  av  as,  a4,  &c.  be  in  harmonic  progression,  then 

.*.  aa  al  —  «3  cr2  —  a^  az  —  a,  ay        Art.  110.  (a). 

and,  dividing  by  ar  az  ay 

1111 

— = =  o,  suppose, 

Similarly,  if  «s  :  a4  ::  a3  —  a3 :  a3  —  «4,  then, 
.  _L       —       —       —  • 

"    «3  flS   "~    a\  a3  ' 

hence  the  quantities  — ,    —  >    — ,   — ,  &c.  have  a  common 
«!      «£      «,      «4 

difference  (c>),  and  are  therefore  in  Arithmetic  Progression. 
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(«).     Hence  to  insert  p  Harmonic  means  between  u  and  v, 

we  must  insert  »  Arithmetic  means,  between  —   and  —  . 

r 


(b).     If  p  =  1  the  mean  is  (Art.  119.  (a).) 


u       v  __u  +  v 
2       ~~   2  uv 


(c).  Hence  the  Arithmetic,  Geometric,  and  Harmonic 
means  between  two  quantities,  u  and  t?,  form  a  Geometric  Pro- 
gression, whose  common  ratio  is 

2  V W 
u  +  v 

126.     Let  alt  a^  ay  be  in  Arithmetic  progression,  then,  by 

Art.  117. 

i                 a,       a.  —  ct0 
a .  —  a2  =  a2  — •  a,,  and  .'.  1,  or  — *•  =  — J g  . 

«i       «2  -  «s 

Also,  if  «!,  «8,  as  be  in  Geometric  progression,  having  the 
common  ratio  r,  then 


=  r  = 


Hence,  by  Art.  109.  (£).  ^-  =  -1 — ^L  . 

2  ^2  ""*   ^3 

The  three  progressions  may  therefore  be  thus  defined, 

a 

—  -1 ,  in  the  Arithmetic. 


a0  —  a. 


=  -^ ,  in  the  Geometric. 
«2 

=  ~- ,  in  the  Harmonic. 
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CHAPTER  IX. 

ON  PERMUTATIONS   AND   COMBINATIONS. 

SECTION  I. 
The  quantities  considered  being  all  dissimilar. 

127.  Def.  1.     THE  different  orders  in  which  the  whole  of 
any  number  of  quantities  can  be  arranged  are  called  their  per- 
mutations. 

Def.  2.  The  different  orders  in  which  any  number,  less  than 
the  whole,  can  be  arranged,  are  called  their  variations. 

Def.  3.  The  different  collections  that  can  be  formed  of  any 
number  of  quantities,  without  .regard  to  the  order  in  which  they 
are  placed,  are  called  their  combinations. 

Def.  4.  The  number  of  permutations  of  m  things  is  denoted 
thus ;  (mP)  ;  the  number  of  variations  (taking  them  p  and  p 
together)  thus,  (mVf) ;  and  their  combinations  (taking-  them  p 
and  p  together)  thus,  (mCp). 

128.  To  find  the  number  of  variations  oj'm  things  taken 
p  and  p  together  ;   (mVp). 

In  m  things  av  av  as,  . . . .  am ;  av  may  be  placed  before 
each  of  the  rest,  and  thus  form  m  —  1  variations,  (taken  two  and 
two)  of  which  at  stands  first :  similarly,  av  by  being  placed 
before  each  of  the  rest,  will  form  m  —  1  variations;  and  so  of 
the  rest;  so  that  there  are  on  the  whole  m(m  —  1)  variations 
taken  two  and  two  together;  or,  mF2  =  m  (m  —  1). 


Again,  since  it  appears  that  in  m  things  there  are  m  (m  —  1) 
variations  taken  two  and  two  together ;  for  m  write  m  —  1 } 
hence,  out  of  TO  —  1  things,  (taken  two  and  two)  there  are 
(TO  —  1)  (m  —  2)  variations;  and  by  prefixing  al  to  each  of  these 
there  will  be  (m  —  1)  (m  —  2)  variations,  taken  three  and  three, 
of  which  o1  stands  first;  the  same  may  be  said  of  cr2,  «3,  &c.  so 
that  there  are,  on  the  whole,  m  (m  —  1)  (m  —  2)  variations  of 
m  things  taken  three  and  three,  or,  WF3  =  m  (m  —  1)  (m  —  2). 

By  following  the  same  reasoning  it  appears  that 


mVp  =  m  .  (m  —  1)  (m  —  2)    (m  —  p  —  1). 

(a).  If  p  —  m,  or  the  variations  become  permutations, 
we  have, 

mP=  m(m—  1) 3.2.1  =  1  .2.3 m. 

(6).  The  above  proceeds  upon  the  supposition  that  each 
quantity  can  only  enter  once  into  each  variation  ;  consequently, 
such  a  variation  as,  al  a1 ;  or  as,  a1  a9  a2,  &c.  would  be  re- 
jected. 

i 

129.     To  find  the  number  of  combinations  of  m  things 

taken  p  and  p  together.     (mCfp). 

Now,         mVp  —  m(m—  l)  (m  —  2) (m  —  p  +  I), 

by  last  Article. 

But  each  of  the  combinations  in  "'Cp  admits  of  as  many  vari- 
ations as  the  p  quantities  in  one  of  those  combinations  will  form, 
that  is,  of  1  .  2  .  3 p ;  Art.  128.  (a).,  hence, 

"C,  X   1  .2  .3  .......  p-  mVp 


=  m  (m  —  1)  (TO  —  2) (m  —p  —  1),  Art.  128. 

.  «r  —  m(m~  *)  Oft  — 2)  ••  -0»~  p—  i) 

p"  1.2.3 p 

(a).    Hence, 
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(£).     Hence  also,  the  sum  of  the  number  of  combinations 
of  m  things,  taken  1  and  1,  2  and  2,  3  and  3,  .  .  T.  m  and  m,  or, 


u 

=  (1  +  1)*-  1  =  2»  —  1, 
as  will  be  shewn  hereafter,  (Art.  /3$    £  •) 

(c).  If  we  have  m  quantities  aa,  «2,  a,,  ...  am,  and  we 
form  a  single  combination  by  taking-  p  of  them,  the  remaining 
m  —  p  quantities  will  form  another  and  supplementary  combi- 
nation, and  this  will  be  the  case  for  every  combination  formed 
by  taking  p  quantities  out  of  m  ;  hence,  there  will  be  as  many 
such  supplementary  combinations  as  there  are  primary  ones,  or 
in  other  words,  mCp=,  mCm^>. 

This  might  also  have  been  proved  by  putting  m  —  p  for  p 
in  the  expression  for  mCp  in  Art.  129. 

(d).  Hence,  if  the  number  of  combinations  of  m  things 
taken  1  and  1,  2  and  2,  3  and  3,  &c.  be  written  successively, 
the  same  values  will  recur  in  reverse  order  beyond  the  middle 
term. 

1.30.     Since,   (Art.  129), 

-r  -  m  (ffl  -  0  •  •  •  •  (OT  -  P  —  2)  O  -  P  ~  0 

1.2.3  ......  (p-  I)  .p 

.-.  writing  p  —  1  for  p, 

T        -  m  (m  ~  *)  ......  (m  —  P  —  2) 

^  ~  1.2.3  .  .....  (p  -  2)  (p  -  1)  J 

*»  -  P  +  1 


p 

Hence,  in  forming  these  combinations,  we  may  deduce  each 
from  the  next  preceding,  by  multiplying  it  by  the  fraction 

m  —  p  +  1 

See  Francceur's  complete  course,  Art.  477. 
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in\  - 


1.2....(p-l).p  1.2....<p-  1) 


-p2)  <m-p  +  I         > 
(p-l)t        p  V 


----  (m—  p—  2) 


1  .2.3  ----  p 

—  ra-M/"1 

—  »-JP> 

a  result  which  is  useful  in  proving  the  binomial  theorem  ;  Art.  138. 

131.  Each  succeeding  combination  will  be  greater  than  the 
preceding  one,  up  to  a  certain  value  of/),  when  they  will  begin 
to  recur  in  a  reverse  order  ;  Art.  129  (</).  ;  if  p  be  the  greatest, 
it  must  be  greater  than  either  the  preceding  or  succeeding 
one;  or, 

mCp  must  be  >  mCp^  and  also  >  mC'y+1  ;  that  is, 


m (m  —  p  —  2)  (m  —  p  —  1)  .         m  .  . . .  (m  —  p  —  2) 

I  .2 (p  -  1)  p  IS>    1.2 P  —  I* 


and  also  >  m  '  ''  '  ''  (m  ~  P  ~ 


1.2  ......  p(p  +  1) 

hence,  striking  out  common  factors,  Art.  99  (a). 

m  —  p  +  l  ,    ,  (m  —  p  +  1)  (m  — 

-  *—  —  >  1  and  also  > 


. 

P  (P  +  1) 

Hence,  from  the  first  inequality,  we  have,  p  <  -     —  , 

and  from  the  second  inequality,  we  have,  p  >  -  , 

1st.     When  m  is  even,   these  conditions  are  fulfilled  by 

,  .  m 

making  p  =  —  -. 

2nd.     When  m  is  odd,  -       -  and  -       -  are  consecutive 

—  4* 

numbers,  and  since  we  cannot  have  a  whole  number  p,  inter- 
mediate in  value  between  two  consecutive  numbers,  we  must  in 

i 
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thut  case  have  p  equal  to  them  both,  so  that  then  there  will  be 
two  maximum  combinations  equal  to  each  other;  these  may 
easily  be  shewn  to  be  greater  than  the  preceding  and  succeeding 
combinations,  from  the  general  expression  for  mCp,  Art.  129. 

J32.     Supposing  a  class  ofr  things,  ap  a2,  a3, ar,  be 

given  ;  and  another  class  of  &   things,  bx,  b2,  b3, b, ;  to 

find  the  number  of  combinations  that  can  be  formed  by  always 
taking  pj'rom  the  first  class  and  a  from  the  second. 


r      ,1      c        i  rn       r(r—  1)  ----  (r  —  »—  1) 

For  the  first  cMass  we  have  TC  =  -  -  ' 

P  1.  2.3.  .  .  .  p 


e      .1  11  ./-.         *  (s  —  !)....(«  —  a  —  1) 

for  the  second  class,  we  have  'G  =  —  --  '  -  -  -  '• 

tr  1.2.  3  ----  ff 

Now  each  of  the  combinations  TCp  is  to  be  coupled  with 

each  of  '(?   . 
<f 

Hence  the  number  required  =  TC    x  *C 


1.2.3  ....p  1.2.3   ,...<r 

It  is  evident  that  each  combination  consists  of  p  -f  <r  quan- 
tities. 

(a).  To  find  the  number  of  these  combinations  containing 
a,  without  a9. 

Here  we  have  r  —  2,  p  r=  1,  and  the  number 

Ifp  =  p  -f  a  —  number  of  quantities  entering  into  one  of 
these  combinations;  and  m  =  r  +  *  =  whole  number  of  quan- 
tities in  the  two  sets  av  av  &c.  6p  J2,  &c.  together ;  then  2  .'Cff 
becomes  ro~2CJ>_1  x  2. 

(5).  To  find  the  number  of  combinations  of  m  things  taken 
p  and  p,  which  always  contain  two  of  the  three  specified  ones, 
ax,  as,  and  a,. 
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Here  the  numbers  of  one  set  is  m  —  3;  the  number  r,  of 
the  other  is  3  ;  out  of  which  p  (or  2)  are  always  to  be  selected  ; 
hence  p  =  P  +  *—  2  +  <r,  and  .'.  a  —  p  —  2;  the  number  re- 
quired is,  therefore, 

rCp  x'  Cff  =  3C2  x  m-aCM  -  3  x  W-3C^2. 
For  more  examples  see  Francoeur,  Jlrt.  478. 

133.  7*0  ^me?  f/^e  number  of  variations  on  the  same  hypo- 
thesis as  that  in  the  last  Article. 

Here,  each  combination  in  rCp  x  *Cffwill  admit  of 

1.2.3 p  variations,  where  p  =.  p  +  &, 

hence  the  number  required 

=  1  .2.3 p  x  rCp  x  'Cff . 

(a).  If  the  quantities  av  crs,  «3,  &c.  in  the  first  class  are  to 
occupy  only  particular  and  previously  assigned  places,  in  each 
variation,  then  each  combination  in  rC  x  sCa  will  admit  only 

of  the  variations  in  respect  of  the  s  quantities,  bv  bz,  b3,  &c.  of 
the  other  class,  not  so  restricted  ;  hence,  on  this  hypothesis,  the 
number  of  variations  will 

=  1.2.3 a  x  'Cff  X  rCp  =  >VffX  *Cp  .     Art.  129. 

(6).  If  the  p  quantities,  taken  each  time  out  of  the  class  of 
«'s,  be  restricted  from  being  changed  amongst  themselves  in 
the  places  assigned  to  them,  so  that  they  are  not  to  occupy  anv 
of  those  places  indifferently,  the  preceding  expression  must  be 
multiplied  by  1  .  2  .  3  ......  p. 

It  then  becomes  —  *Va  x  TVp.     Art.  129. 

(c).  The  theory  in  this  and  the  last  Article,  may  easily  be 
extended  to  the  cases  where  three  or  more  classes  of  things  are 
given,  to  select  from. 


CHAP.  X.     SECTION  II. 


ON    FEHMUTATIONS    AND    COMBINATIONS,    WHEN    THE    QUANTITIES 
CONSIDERED    AUK    NOT    ALL    DISSIMILAR. 

134.  To  find  the  number  of  variations  of  in  things,  taken 
n  and  n  together,  on   the  supposition  that  each  quantity  may 
enter  1,  2,  3, or  n  times  into  each  variation. 

First,  the  quantity  al  may  be  placed  before  itself,  or  before 
any  one  of  the  other  (m)  quantities,  and  thus  form  m  variations. 

The  same  may  be  said  of  av  a3, am,  so  that  there  will  be  on 

the  whole  m .  m  or  w2  variations,  taken  two  and  two. 

Again,  al  may  be  placed  before  each  of  the  foregoing  vari- 
ations, and  thus  form  m2  variations,  taken  three  and  three,  in 
which  ffj  stands  first;  the  same  may  be  said  of  each  of  the  re- 
maining quantities  o2,  a3 am,  so  that  there  will  be  on  the 

whole  m  .  mz  or  m3  variations,  taken  three  and  three. 

Similarly,  there  will  be  mn,  when  taken  n  and  n. 

(a).     The  whole  number  of  variations  of  m  things,  on  this 

supposition,  taken  1  and  1,  2  and  2,  3  and  3 n  and  n  will 

v  m» i 

=  m  +  m*  +  m3 +  mn  =  m .      Art.  120. 

m  —  I 

135.  To  find  the   number  of  permutations  of  m  things 
(taken  m  and  m  together)  r  of  which  are  alike. 

If  we  have  a  set  of  r  identical  quantities  (as  a  set  of  a's)  then 
evidently  TP  =.  J,  there  being  only  one  possible  way  of  arrang- 
ing them.  If  now  we  introduce  a  new  quantity  ait  this  may 
occupy  the  first,  second,  third,  &c.  or>  r  +  lYh  (that  is  last) 
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place  in  the  above  set,  and  thus  form  r  I-  1  different  permuta- 
tions; if  we  introduce  a  second  different  quantity  az,  this  may 
occupy  the  first,  second,  third,  &c.  or  r  +  2Vh  (that  is,  last) 
place,  in  each  of  the  above  permutations,  and  thus  form  on  the 
whole  (r  +  1)  (r  -I-  2)  permutations. 

Similarly,  the  itjtroduction  of  a  third  quantity  «s,  would 
cause  (r  +  1)  (r  •+•  2)  (r  -f-  3)  permutations;  and  of  m  —  r  diffe- 
rent quantities, 

(r  +  1)  (r  +  2)  ......  (r  +  m  —  r  ^1)  (r  +  m  —  r) 

permutations;    that  is,    (r  of  the  m  quantities  being    alike); 
mP  =  (r  +  1)  (r  +  2)  ......  (r  +  m  -  r  —  1)  (r  +»i  —  r) 


_  1.2.3  ........  r(r+  l)(r  +  2)  ......  (m  —  1)  m 

1.2.3  ......  r 

(since  r  is  supposed  less  than  m) 


1.2.3  ----  r 

(a).     By  similar  reasoning,  if,   in  addition  to  r  of  the  quan- 
tities being  alike,  we  have  *,  t,  &c.  of  them  alike  also,  then, 
.»__  _  1.2.3.4  .......  m  __ 

~1.2.3....rx  1.2.3  ____  s  X   1  .  2  .  3  .  .  .  .  *  x  &c. 

136.      To  find  the  number  of  combinations  of  m  things 
ai»  a«»  aa»  .....  a«^  taken  [)  «wt£  p,  cw  fAe  supposition  that  each 

quantity  may  enter  1,  2,  3,  ......  or  p  times  into  each  combi- 

nation. 

This   would  be  taking  into  account  such  combinations  as 
«„  ae«3a3,  n  «4  ala1  «2,  &c.  and  the  number  will  evidently  be  the 
the  same  as  the  number  of  terms  in  the  expanded  polynomial 
(a1  +  an  -f  #3  ......  4-  «OT)P>  the  like  terms  being  amalgamated 

together  by  addition.* 

*  It  will  easily  be  seen,  by  multiplying  the  quantity 
tfj  +  «2  +  as  ......  -f-  </„, 

two,  or  three  times  by  itself,  and  attentively  considering  the  result,  that  no 
one  combination  of  the  quantities  a^,  an,  is  omitted,  which  answers  the 
conditions  in  the  text.  See  also  Fraiicceur's  complete  Course,  Art.  11)1. 
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Ilenec,  (as  will  bo  shewn  in  the  Chapter  on  Scries)  the  num- 
ber required  is  the  with  term  of  the  p  +  llth  order  of  figurate 
numbers,  and  its  value 


Here,  m  may  be  >  ,  =,  or  <,  p. 

(a).  To  obtain  the  sum  of  the  combinations,  taken  1  and  1, 
2  and  2,  &c.  we  must  sum  a  series  of  figurate  numbers. 

137.     To  find  the  number  of'  combinations   of  m  things, 
taken  1  and  1,  2  and  2,  ......  m  and  m  together,  when  there 

are  a  alike  of  one  class,  ft  of  another,  y  of  another,  <SfC. 

Suppose  there  are  a,  a's  ;  ft,  b's;  y,  c's,  &c.  then  the  problem 
will  evidently  be  the  same  as  to  find  all  the  divisors  of  such  a 
quantity  as  aa  b?  c7  ......  where  a+/3  +  y  ......  =  m. 

Now,  1,  a,  a",  a3   ......  aa  are  all  divisors. 

Also,  I,   b,  b",  bs,  ......  ¥  ........  .  ..... 

and,  1  ,   c,  c2,  c3,  ......  e7  .............. 

Likewise,  every  possible  combination  of  these  quantities; 
hence  all  the  divisors  will  be  comprised  in  the  terms  of  the  ex- 
pression 

(1+  a  +  a2  .  .  .  .  +  a«)(l  +  b  +  &*....+  &/»)(  1  +  c  +  c2  .  .  .  .  +  c7).  .  .  . 
and  their  number  will 


(a).     To  find  the  number  of  those  which  contain  b,  they  will 
evidently  be  those  comprised  in  the*  expression 
(1+fl  +«*  ----  +a")(b  +  b*+b3  ---- 
and  their  number  will,  therefore, 


CHAPTER  X. 


ON  THE  BINOMIAL  THEOREM. 

138.     IF  we  multiply  together  the  three  factors 

(x  -j-tfj)  (x  +  a2)  (x  +  as) 
the  result  is, 

*3-Kai  +  °2  +  as)*2  +  K«2  +  ai  as  +  ae  as)  x  +  a>  a«as     x 
=  x3  +  Ojff8  +  czx  +  cs; 

by  denoting  the  combinations  (not  their  number  as  in  Art.  129) 
of  n  things  (which  in  this  case  =  3),  taken  1  and  1,  2  and  2,  &c. 
by  cv  c2,  &c. 

Let  us  assume  then,  generally,  that, 

(x  +  «j)  (#  +  a2) (x  +  «») 

=  a;n  +  Cj*"-1-!-  <?2  a;"-2  . . . .  +  cp  x*~r . . . .  -f  c^  x  +  CH (a) 

and  multiply  this  equation  by  x  +  b; 

.:  (x  +  aj (x  +av)(x  +b) 

l4-6)a:-+(c2+K)^"1+ +  (c,+&c^.,)o^»+1....  -f 

which  (see  Art.  130  (o). 
=  orn+1  -f  c\  x*  +  c'2  x^1 c'p  +  x*-?+l +  c'^x  +  c'n, 

(denoting  the  combinations  of  n  •+•  1  things,  taken  1  and  1,  2 
and  2,  p  and  p,  &c.  by  c\  ,  c'2,  c'?,  &c,). 

Hence,  if  the  assumption  (a)  be  a  correct  one  when  there 
are  n  factors,  it  appears  that  it  is  also  correct  when  there  are 
n  +  1 ;  but  it  is  shewn  by  actual  multiplication  to  be  correct 
when  there  are  two,  or  three,  factors,  it  is  therefore  so  when 
there  are  four,  five,  &c.  and  therefore  generally  correct. 
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Now,  let  «!  =  oa  z:  a3 —  an  =:  a,  in  equation  (a) ; 

«  (M— 1)                  n  (»  —  1)  (»—  2) 
then, e,  =  w  a,  c  c2=      ^  ^  g     as,c  c3= 1  >2^V3     -'  a3,. 


«(»—!)  ......  (»—  »  — 

—   __  >  _         i  _  5s  _  f_ 

123  p 


^ 
__  _  _  _  _  _  t    120 

p  ~  a.i4J, 


.  +  n  a""1  x  +  <LH- 


If  for  a  we  write  —a,  we  shall  have, 


1   •  2  «o   ••••  7J 

This  is  the  binomial  theorem  when  n  is  an  integer. 


139.     In  proving  the  theorem  in  the  cases  in  which  n  is 
fractional  or  negative,  we  will  first  observe  that 


(a-'  +  a)n  =  a"  (l    +  -   V=a"  (1  +x)n, 

x 
by  putting  #  for    -  ;  hence  we  may  confine  the  proof  to  the 

Q 

more  simple  form  for 


*  The  following  is  a  general  proof  of  the  binomial  theorem  without 
employing  the  principle  of  the  permanence  of  equivalent  forms  ;  it  is  not, 
however,  so  strict,  or  so  satisfactory  as  the  one  in  the  text. 

Let 

(1  +  x)n  —  1  +flj  x  +  azxz  +  «3  x3  +&c.  square  this  equation. 
\+ax  +  ax*.+  a  x3  +  &c. 


.%  (1  +x)2"=  1  +  a,  x  +  a2  a-2  +  a3  a?  +  &c. 


+  a^x3  +  &c.  (1). 

&c. 
&c. 
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Now,  first,  if  there  be  any  general  form  of  the  series  for 


But 


(1  +  a;)2"  =  (1  +  2  x  +  *2)" 

=  1  +  ai  (2  x  +  x2)  +  az  (2  x  +  #2)2  4-  a,  (2  x  -f  x*)*  -f  &e; 
and  equating  co-efficients  of  similar  powers   of  x  in  these  two   series  for 
(1  +  a:)2",  we  have, 

rt2  —  a,       a,  («,—  !) 
2a  =  20,aaa  +  20   =  «  +  4  ar,  /.  «   =     *          1  =  -1 


2 

2  (a,  +  al  cr2)  =  4  («2  -f  2  «3), 
1  r,\        ni  (ai  ~~  1)  (ai  "~  2)      e  o 

,»      .-  .  —     _  ft     f  fi     ___    ON  —         1  \     1  __  /  ,  V    ,  1  _  /    .     Xrp.    —     7trf». 

;  •  ai  —  $  ai  ^at       ^/  —  1.2.3  '  — 

a,(a.—  !)(«.  —  2)  . 
--  - 


Now,  since,  (l  H-  *)"  =  1  +  ai  x  +  &c»  and>  from  C1)- 

(1  +*)*"=  2  +  2ttlx  +&C. 
it  appears  that  if  n  be  made  =  2  n,  then  flj  becomes  —  2  d^. 

Hence,   also,   it  appears  that  the  value  of  a^  is  dependant  on  that  of  ti. 

Let  us  suppose  that 

aL  —  a  +  /3  n  +  y  n"  -f-  &c. 
multiply  this  by  2  ; 

/.  2  «j  =  2  a  +  2  /3  w  +  2  y  n9  -f-  &c. 
but  2  «j  =:  a  -h  2  ft  n  +  4  y  n2  +  &c. 
by  making  n  ~  2  w,  and  « x  ^=  2  « i  ; 
hence;  comparing  similar  powers  of  n  in  the  two  last  series, 

2  a  =  a,  /.  a  =  0,  2  y  =  4  y,  .*.  y  =  0,  &c. 

.*.  a  j  ^:  /3  w  and  ( 1  +  #)"  r:  1  4-  P  w  ^  +  &c. 

Let 

n  =  1,    .*.   1  +  *  =  1  =  /3  *,    .'.  /3  rr  1, 
ant!  finally 

a  i  =  /3  rt  =  n  ; 

hence,  replacing  «!  by  n  in  (2), 

(1  +  A')"  =  1  +  n  x  +  -      d;  +   -       -    ^^     r—     *•    -f  occ. 

\    ,    £>  l.^.U 

«  being  positive  or  negative,  integer  or  fractional. 

K 
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(1  4-  it-)",  it  must  be  the  one  proved  to  hold  in  the  case  of  whole 
numbers,  otherwise  that  form  would  not  be  general. 

Secondly,  by  assuming  that  there  is  such  a  general  form, 
we  do  not,  from  that  assumption,  derive  any  consequences  in- 
consistent with  the  meaning  already  assigned,  (Art.  26.)  to 
negative  and  fractional  indices;  for  since 

(1  +  ar)n  (1  +  *)"'  =  (1+*)"+"';  Art.  23. 
hence,  expanding  each  of  these  quantities,  supposing  n  and  ri 
positive  integers,  we  shall  have,  by  the  former  part  of  the  proof; 
Art.  138; 


&c.)  ( 


,  ,.  (n  -f  n')  (n  +  n'  —  1)     „  .    0 

(n  +  n  )  x  +  -  -         -   *  +  &c 


Now,  the  series  composing  the  right  hand  side  of  this  equa- 
tion, being  the  form  of  the  product  of  the  two  composing  the 
left,  when  n  and  n'  are  whole  numbers,  will  also  be  the  form  of 
the  product  of  these  series,  when  n  and  n1  are  any  numbers 
whatever,  for  the  rules  for  the  multiplication,  &c.  of  symbolical 
quantities,  do  not  depend  upon  any  specific  values  of  those 
quantities.  See  Art.  31. 

1st.  In  equation  (/3)  let  »'  =  —  n,  then  we  have  from  that 
equation, 


But  since  n  is  positive  and  integral,  we  have,  from  Art.  138? 

hence 

(1  +  *)"  (l  +  n'  x  +  n/(rc'~  *)  *«  -f  &c.)  =  1, 

and,  dividing  by  (1  -f  a-)", 
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for  ti  put  its  value  —  n  ;  and  we  shall  have, 
1  +  *)-  =!  +     -»   .r  4-  t-"- 


1  ••  2 

n  (n  +  I  )        c 
=  1  -n.v+      vt  ^  2       -  &c.  ; 

this  shews  that  the  theorem  is  not  inconsistent  when  a  negative 
value  is  given  to  the  index  n. 

2ndly.  The  reasoning  by  which  we  deduced  equation  (/•)), 
when  H  and  n'  were  any  quantities  whatever,  will  equally  apply 
to  shew,  that  the  following  equation  is  true  ;  n',  n",  n'",  &c. 
being  each  positive  or  negative  fractions, 

(1  +  n  x  +  &c.)(l  +  n'x  +  &c.)  (I  $•  n".v+  &c.)  (1  4-  ri"x  +  &c.)  (&c.) 

y    fy  _  ]\ 

=  1  4-  r  x  H  --  !|     o  '  x"  +  &c.  where  r  =  w  +  »'  +  n"  +  n'"  4  &c. 

Now,  suppose,  n  =  n'=n"=  n'"  =  &c;  and  let  </  be  the 
number  of  repetitions  ;  so  that,  r  =  q  n  •  then, 

(1  +nx  +  &c-)*=  1  +  «7na:+  ?n^n  ~  l>  $*  +  &c.; 

T? 

and  since  »  is  supposed  fractional,  let  n  —  —  ;    p  being  a  posi- 
tive or  negative  integer. 

.*.  (1  4-  n  x  +  &c.)9  =  1  +  p  x  +  ^f"!      ^2  +  &<"• 

which,  by  the  first  case,  since  /?  is  supposed  integer  —  (1  -f  xY'f 
and  extracting  the  ^th  root  on  each  side, 

1  +  »*  +  ^(W~1)^  -f  &c.  =  (1+  a-)i 


27 

and,  replacing  n  by  its  value  —  ,  we  have 


2  ' 

This  proves  the  theorem  when  the  index  is  fractional. 
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(«).  When  n  is  a  positive  integer  the  series  will  end  after 
the  n~+~Tth  term,  since  then,  the  n  +  2  th  and  all  succeeding 
co-efficients  will  involve  the  factor 


n(n—  l)(w-  2)  ......  (n-n-  1)  (n  -?  >/)  _  Q m 

1.2.3  . . . . . .  n  (n  +  1)  (n  +  2) 

but  if  w  be  fractional  or  negative  the  series  will  never  end. 

(b).     It  appears  from  Art,  131  that  if  n  be  even,  the  greatest 

co-efficient  will  be  the  middle  one,  this,  being  the  Y  -  -t-  1  )    ' 
will 


n  (u  —  1)  (n  —  2) 


1.2. 3 


—      1.2.3 n     __  (1.3.5 n  —  1)(2.4.6  „ ._._») 

(1  .  3  .  5  .. n—  1)  .  2r~  Yl  . 


1.3.5  ......  (n-1)     I 

• 


(c).     When  n  is  odd,  there  will  be  two  maximum  co-effici- 
ents equal  to  each  other,  Art.  131,  these  being  the 


n  + 


th 


. 
and 


n  + 


will  be  found  by  putting  these  quantities  for  p  in  the  general 
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expression  for  the  pih  co-efficient ;  their  values  may,  as  in  (/;), 
be  reduced  to  the  form 


1.3.5 


(d).  Since  (x  +  a)"  =  (a  -f  a-)"  Ihe  developements  of  these 
two  quantities  must  be  equivalent  also;  now  the  co-efficient  of 
xp~l  in  the  first  series  will  be  the  pth  term  of  the  series;  and 
the  same  co-efficient  in  the  second  series  will  be  the  n  —  p\th 
term  of  that  series;  hence  we  deduce,  that  the  co-efficients  of 
the  binomial  theorem,  equi-distant  from  each*  end,  are  equal. 
This  might  also  have  been  deduced  from  the  theory  of  comple- 
mentary combinations,  explained  in  Art.  129.  (b). 

(e).     Sum  of  the  co-efficients 

=  1  4  n  +  n      ~  .    -  +  &c.  =  (1  +  1)"  =  2". 


therefore,  by  transposing-  the  negative  terms,  we  find,  sum  of 
odd  co-efficients  —  sum  of  even. 

(</).     Add  the  series  in  (e)  and  (/), 

.   rc(rc-l)        n(n-l)(n-2)(n-3)  \_ 

1.2  1.2,3.4  C')  ~ 

pr,  sum  of  odd  co-efficients  =  sum  of  even  =  2""1. 

(A).     The  general  or  />tb  co-efficient  of  the  binomial  is 
n  (n  —  1  )  (n  —  2}  .....  .  (n  —  p  —  2) 

"TTa  .  3  .:~rr~(p  -  1) 

now,  when  w  is  an  integer,  it  must  be  of  the  form,  2/?or  2p  +  1, 
(See  Art.  156.)  hence  one  at  least  of  the  two  first  factors  in  the 
numerator  must  be  divisible  by  2  ;  again,  n  must  be  of  the  form, 
3  p,  3p  4-  1  or  3p  +  2,  therefore  one  at  least  of  the  three  first 
factors  must  be  divisible  by  3,  and  so  on  ;  now  there  are  as 
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many  factors  in  the  numerator  as  there  are  in  the  denominator, 
and  since  each  factor  in  the  numerator  is  divisible  by  one  term 
in  the  denominator,  therefore  the  product  of  all  the  factors  in 
the  numerator  must  be  divisible  by  the  product  of  all  in  the 
denominator;  hence,  when  the  index  is  an  integer,  everv  co- 
efficient is  an  integer  likewise. 

140.  Bv  means  of  the  binomial  theorem,  we  may  obtain  a 
converging  series  for  the  extraction  of  the  wth  root  of  a  number 
which  is  not  itself  a  complete  nth  power. 

Let  N  be  the  number,  and  let  a"  be  the  wth  power  nearest  to 
it,  so  that,  N  =:.  a"  +  x,  x  being  small  compared  with  a". 


l  i  /         x  ^  i 

.*.  Nm  =  (an  +  A-)"  —  a  (  1  +  —  }" 


L  _ 

h  n    a»       n  .  2  n   a2"  H        n  .  2  n  .  3  n       a8"  H  & 

The  several  terms  being  reduced  to  decimals  and  combined 
by  addition  or  subtraction,  as  indicated  by  the  signs,  will  give 
the  value  of  the  root  to  any  required  degree  of  accuracy. 

141.  We  may,  however,  deduce  a  rule  more  practical  than 
the  foregoing,  for  approximating  to  the  higher  roots  of  irrational 
numbers  ;  for  if  we  suppose  as  before,  a"  the  nearest  wth  power 
contained  in  N,  b  the  remaining  part  of  N,  and  x  the  correction 
due  to  a,  which  is  supposed  small  in  comparison  with  a",  we 

shall  have, 

ji 

N  =  a"  +  b;  and  N"  =  a  +  x, 
.-.  a"  -f  b  =  (a  -f  x?, 

.:  b  =  x  (n  a""1  +  w(a""  *)  a»-2  x  +  &c  Y 

\,  1   •  2t  s 

In  order  to  obtain  a  first  approximation,  not  much  error  wilt 
be  introduced,  by  neglecting  the  terms  within  the  brackets 
which  are  not  multiplied  by  a:,  since  x  itself  is  supposed  small  ; 
compared  with  a  and  its  powers;  hence, 

b  •=.  n  an~lx.  and  .*.  x  =  —  -—.  nearly. 

"~' 
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For  a  second  approximation,  substitute  this  value  of  x  in  the 
second  term  of  the  scries  for  b,  this  will  necessarily  lead  to  a 
more  accurate  result,  since  by  this  means,  a  term  is  taken  into 
account  which  was  entirely  neglected  in  the  first  approximation; 
we  shall  have  then, 

/  ,    n  (n  —  1)       „      b      \ 

b  r=  x  (  n  an~l  ±  — - —  on~2 —         )  verv  near  I  v, 

V  1.2  n  aK~l  / 

2ab 
.*.  x  ~  — — , 

2  n  «*  ±  (n  —  1 )  b 

which  is  the  quantity  to  be  added  to  or  subtracted  from  a,  in 

i 
order  to  obtain  an  approximate  value  of  A"". 

(«).     If  n  =  2,  then 

V~N  =.  V  a*±.  b  —  a  ±  ^  *      .  —  a  ±  ^"—^r 

4  a2  ±  b  3  «2  -t-  N 

(b).     If  n  =  3,  then 

a  b  a  b 


142.  The  sum  of  the  squares  of  the  co-efficients  of  a 
binomial,  raised  to  the  nth  power,  is  equal  to  the  middle  co- 
efficient of  the  same  binomial,  raised  to  the  power  2  n. 

Let  «15  «2,  as,  &c.  be  the  co-efficients  of  (I  +x)n;  then 
since  (1  -t-  #)2"  =  (1  +  x)*(x  +•  1)",  by  developing-  both  sides, 
we  have, 

2»(2»  —  l)    , 
1  -f  2 nx  + S — -X*  + 


2n(2n-  l)(2»-2)  ......  (»  +  1)  r»   , 

1.2.3  ......  n" 


Jjf"  +  «1  a-—'  -f  <r2  A-"-8   .  .  .  +  «„_,  a:  +  an\  , 
and  equating  the  co-efficients  of  XH  on  each  side,  we  have, 
that  on  the  second  side  =  I2  -f  a*  +  a*  +  a3"  .  •   •  +  «„' 

2w(27i—  1)  ----  («  +  i) 

that  on  the     first    side  —  -  -  -  , 

1.2.3  ......  n 

or  I2  +  «22  -h  «32  .  .  .  .  -f  «w2  =  middle  co-efficient  of  (1  f  *•)". 
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,   x      „,.  ^  .     .2  n  ("1  n  —  1) (»  4-  1) 

(<T).     The  en  efficient  --  may  also 

1  .2.3 it 

bo  written 

2  »  (2/1  —  1) (fl  +  1)  x  »(»  —  !) 3.2.1  _  1  .2.3 2n 

1.2.3    . . .  n  X  n  (n  —  1) 3.2.1   ""  (1  .2.3  ....  n)* ' 

hence, 

/     »  —  1  \a  1.2.3 2M 

1  +  "  +  (»  TTT  )  +  &c' =  (iTSTsT^i? ' 

For  examples  in  the  binomial  theorem,  see  Peacock's 
Atgebra,  p.  271,  and  p.  293,  for  various  equivalent  forms  of  the 
scries  for  (1  -f  or)".  Also  several  examples  may  be  found  in 
fennel's  Algebra,  p.  258,  and  Hind's,  p.  248. 
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CHAP.    XL 


ON  THE  THEORY  OF  NUMBERS. 

SECT.  I. 
ON    SURDS. 

143.  In  any  equation  consisting  of  rational  quantities,  and 
quadratic  surds  or  impossible  quantities,  the  rational  parts  on 
each  side  are  equal,  and  also  the  irrational  or  impossible  parts. 

For,  let  a  -f-  */  ±  x  •=.  b  +  V  ±  y  be  such  an  equation ;  and 
if  a  be  not  =  b  ;  let  a  +  m  —  b  ;  then 


m  +  V  ±  x  —   v  ±  y,  and  by  squaring1, 


»»*  -f  2m  V  ±  x  ±.x  —  ±.y\ 


a  possible  and  rational  quantity,  which  is  in  either  case  contrary 
to  the  supposition  made  with  respect  to  the  quantity  V '  ±.x. 

144.     If  a,  b,  c,  &c.  be  the  prime  factors  of  a  number  N,  it 
may  be  represented  thus,  N=:  amb*cp,  &c. 

First,  if  IV be  a  prime;  b  =  1,  c  =  1,  &c. ;  and  m  =  1,  and 
in  that  case,  N  =  a  \ 

Secondly,  if  N  be  not  a  prime,  divide  it  first  by  the  highest 
power  a"  of  one  of  its  prime  factors,  by  which  it  is  divisible,  and 
the  quotient  by  the  highest  power  of  b  as  bm,  &c. 
Then  ultimately,  N=.  am  b"  c? ,  &c. 
ti 
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(a)  Hence  every  square  number  is  of  the  forma2"'  &2"  c2/),  &c. 
and  every  cube  of  the  form,  a3mb3*c^t  &c. 

145.  The  following  equations  are  impossible  ones,  when  the 
surds  introduced  are  irreducible. 

(1)  Vac—  a  +  V  y-, 

For  V x=.  1/y,  by  Art.  143  ;  and  /.  a  =  0, 
Hence  the  square  root  of  a  quantity  cannot  be  partly  rational 
and  partly  a  quadratic  surd. 

(2)  * ' xy  =  a;  when  x  is  prime  to  y, 

For,  then  we  should  have  u?  =  x  y  which  is  an  impossible 
form  for  a  square  number,  a2;  Art.  144  (a). 

Hence,  if  two  quadratic  surds  cannot  be  reduced  to  others 
which  have  the  same  irrational  part,  their  product  cannot  be 
rational. 

(3)  V#  =^y±  -Sz;  or,  a  =  V~~y  ±  */z. 

For,  then,  a2  or  x  =  y  db  2  «/  y  z  +  z; 
and   Vy  z  •=.  ±  %  (x—  y—z)  or  ±  ^  (a2—  y  —  z), 
which  is  impossible  by  the  last  case. 

Hence  one  quadratic  surd  cannot  be  made  up  of  two  others 
which  have  not  the  same  irrational  part. 

(4)  >/#  =  ~  ;  where  -r  ,  is  in  its  lowest  terms. 

a2 

For,  then   x  =.  -^   a   whole  number  equal   to    a    fraction, 

fjZ  (i 

since    =^-  is  in  its  lowest  terms  as  well  as-r.     See  Art.  159  (&). 
o  o 

Hence  the  square  root  of  an  integer  that  is  not  a  square 
cannot  be  expressed  by  any  fraction ;  and  therefore  there  is  no 

fraction  —  ;  which  will  measure  the  surd  Vx  and  unity,  this  is 

usually  expressed  by  saying  that  Vx  is  incommensurable  with 
unity. 
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Ex.  If  x  be  the  side  of  a  square,  the  diagonal  =  x  V  2, 
hence,  the  diagonal  of  a  square  is  incommensurable  with  respect 
to  one  of  its  sides. 

(4).  ^x~±  Vy  •=.  ^x'  ±  -v/y,  when  x  and  y  are  prime  to 
each  other ; 

For,  squaring  and  transposing 

—         I 

V  xy  q=vVy  —  +  -^(x'+  y  —  x'  —  y1},  which  is  impossible,  if 


Vx'  y  be  rational  by  (2)  ;  and  by  (l)  if  V  x'  y  be  irrational. 

146.     If  n  be  an  even  number,  V  x,  a  quadratic  surd,  and 

i 
(a  +  -v/x)      =  Vv  4-  Vz  ;  where  Vy,  and  Vz  may   each  be 

i 
rational  or  irrational',  then  will  (a  —  V  x)  "  rr  V\  —  V  z. 

For,  a  +  Vic—  (V  y  +  Vz)n 

n  n—  1  ,       _     .      n—  2 

=  y*  +  ny~^  Vz  +  -L—Jy  2  z  +  &c. 

Now,  since  n  is  divisible  by  2,  all  the  odd  terms  in  this  series 
will  be  rational,  whilst  all  the  even  terms  will  involve  an  irrational 
quantity;  hence  equating  rational  and  irrational  parts,  Art.  143. 

»       n  (n  -  1)  ,,±z? 

a-y*  +~         y  *  *  +  &c- 


__  - 

and,  Var=  ny  *    ^z  +  -    ~Y^~~  ~V  2  *  .^z  +  &c. 

n  n—l  n~  2 

y-  2^  ~9~     /-        ^(w—  1)      ~2~ 

/.  a  -  Vx  ^  y  *  -ny  2    Vz  +     ^  -     '  y      z  _  &c. 
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i. 
147.     If  n  be    an  odd  number,    and  ( \)V  x  +  q  Vy)  " 

—  \/x  +   s/^T  wliere  Vx  and    ^y  may  each  be,   rational  or 
irrational;  then  also,  will  (p  ^x— q  <s/y)n  =  Vx  —  V y. 
For,  as  before,  p  V x  -4-  qVy  ~  (^H-  V y)n 


Now,  since  n  is  not  divisible  by  2,  each  of  the  odd  terms  of  this 
series  will  involve   >/#,  and  each  of  the  even  ones  *^y.     Also  no 
part  of  p  Vx  can  be  composed  of  the  surds  of  y.  Art.  144  .  (3) 
hence 


V  a;  ==  or    H  --  —    —  -  x  2   y  +  &c.  and  similarly, 

1   •  40 

n—  1  n~3 

~2~    x—       »(n-l)(n—  2)    ~2~        >- 
=  n  a;        Vy  -f  -     —  —  %  —  -  —  y  Vy  +  &c.  hence 


n—l  n— 2 

2      _      w(n—  1)      2  p 

*y+    \  o    g     y-&c. 


.*.  (/>  V^a:  •—  9  ^y)     =    ^x  —  ^. 

148.     To  extract  the  square  root  of  a  binomial,   one  of 
whose  factors  is  a  quadratic  surd,  and  the  other  rational. 

Let  a  ±  vVbe  the  binomial ;  and  assume, 

a  ±    Vb  =  V  x  ±  Vy .  hence,  squaring, 
aztV^ft—  x  :+•  2  \/  x  y  +  V, 

•'•  a  =  *  "*"  2/ f  by  equating  rational  and 
VT>-=.  2V xyi  irrational  parts; 
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squaring,  these  two  equations,  a2  =  #'  +  2xy  +  y~; 

b   =  4  x  y 

subtract  these  last  equations, 

.-.  a2  -  b  =  xz  -  2  x  y  +  #°  =  (*  -  y)2  . 
hence  we  have,  x  —  y  •=.  V  a?  —  b 
arid,  from  above,  x  +  y  =  a; 


(a).  It  appears  from  this  result  that  the  root  of  a  ±.  V  b, 
cannot  be  exhibited  in  a  simple  form,  unless  the  root  of  a2  —  b 
can  be  extracted;  that  is,  unless  a2  —  b  be  a  complete  square. 

(&).  We  may  apply  the  same  principle  to  extract  the  root 
of  such  a  quantity  as  V/a2c±  ^/6'  by  putting  it  under  the 

form    v^ja  —  \f    -  ^   a°d  then  extracting,  as  before,  the 
t  c  5 

root  of  the  factor  5  a  ±    \/    -  1   and   multiplying  that    root 


(c.)     Also  frequently  to  a  trinomial  quantity,   by  assuming 
its  root  =   vV±    V/^r±  \/r.   See  "  Hind's  Algebra,"  p.  210. 

For  examples  in  the   preceding  rule  see  Wood's  Algebra, 
p.  130.     Also  Bridge  st  p.  175. 

149.     To  extract  the  nth  root  of  a  binomial,  one  or  both  of 
whose  factors  are  possible  quadratic  surds. 

Let  the  binomial  be  ^a  ±  Vb',  and  assume, 
g  (</a±  Vb)=  Vx+  Vl/;  g  being  arbitrary; 

V~x  +  V~y  ;    Art.  147.      Multiply  these 


equations  together. 
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Let  g  be  so  assumed,  that  g*  (a  —  b)  may  be  a  perfect  wth 
power  =  kn,  suppose ;  then, 

x  —  y  s=  k,  and  from  the  two  first  equations, 


x  —  2  Vxy  +  y  —  \Sgz  (  ^a  +  v/^)2>  therefore  by  addition, 
2    (x  -\-  y)  =.  \Sgz( ^a±.  V b)*  +  \S9*  (*  a  +  ^  'O* 

Now,  2  (x  +  y)  is  always  an  integer,  when  the  root  can  be 
exhibited  in  the  form  of  a  binomial  surd  ;   hence,   if  we  assume 


*  =  the  integer  next  greater  than  the  true  value  tif^JXy  (  Vo~±  I/ft)5 
andf  = less of 


since  the  sum  of  these  two  surds  is  an  integer,  the  fractional 
parts  must  destroy  each  other ;   and  we  shall  have, 

2  (x  +  y)  =  s  +  t ,  exactly ; 
also,    x  —  y  =  k;  from  which  two  equations  we  get, 

x  -  *  *  *  *  2     ;  and,  ys**-  -• 


Vx±  Vy 

Hence,  the  nth  root  required  =  -         >— 

9 


1    _  S  Vs  +  t  +  2  k  ±  V  s  +  t  —  2kl  . 
~2t  *> 


For  examples,  see  Wood's  Algebra,  p.  132. 

(a).  The  quantity  g~(a  —  b)  may  always  be  made  a  perfect 
»th  power,  by  assuming  gz  =  (a  —  b)n~l ;  but  sometimes  a  less 
value  of  g,  which  will  answer  the  purpose  may  be  found,  by  de- 
composing a  —  b  into  its  prime  factors:  (Art.  144) :  Let  these  be 
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a*-'.  /31-*.  /-'•.  &c.;  then,  if  g"-  be  assumed  =  of  p  f  &c.  we 
shall  have 

g*  (o  —  6)  =  an/3"  y,  &c.  which  is  of  the  required  form. 

150.  To  extract  the  nth  root  of  a  binomial,  one  of  whose 
factors  is  rational,  and  the  other  either  irrational  or  impossible, 
by  the  solution  of  an  equation  of  n  dimensions. 

Let  a  ±  Vb  be  the  given  binomial  ;  and  assume, 

(1) 


(«  +   V6)=  #  +  V~y,  Art.  146. 


and    Z/g*(a*-b)  =  x°—y  • 

Let  <JT  be  so  assumed  that  g2(a  —  b)  may  be  a  perfect  nth 
power  •=.  kn,  suppose, 

.*.  x*  —  y  =  k  ;  whence,  y  —  x1  —  k  ........  *  .  .  (2) 

Again,  from  (1); 
g  a  ±  g  Vl>  =  xn  ±  n  xr~l  V~y  +-    ™~~   -x^y  ±  &c. 


g  a  ^  xn  H  --  ^-   ;  —  x^y  +  &c.  substitute  from  (2), 


And  equating  rational  parts, 
72 

It  I  i  If   *^~      1   I  rt    /      o  7  \       ,        O 

=  x"  -f  — s a;"""  (a;-  —  K)  +  &c. 

This  is  an  equation  of  n  dimensions,  from  the  solution  of 
which  may  be  derived  a  value  of  x,  and  then  y  from  (2). 


Ex.  1.     To  extract  the  square  root  of—4  +  2*/ —  5. 


Assume,  \/g(—  4  +  2  V  —  5  =  x  + 


(-  4-2  V-5)  =  a?  - 
and,  |/y  (16  +  20)  =  a?a  -  y>  here  evidently,  */2  =  1, 
and  we  have  x"  —  y  =  Vs6  =  6. 
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Again,  by  squaring  the  first  equation,  observing  that 
=  1,  we  have 


—  4  +  2  ^5  =  *2  +  2  x\fy  +  y, 
whence,   —  4  z=  #2  +  y 
But,      6  =  *•  —  y 

and  by  addition,  2  =  2  ar2;  and  a;  =  1, 
by  subtraction,  —10  =  2  t/  ;  andy=  —  5 
and  the  root  required  =  x  +  ^^s;  14-  ^  —  5. 


a;.  2.     7o  extract  the  square  root  of  2  "•/  —  1. 


Let  .y^  (0  +  2  ^^T)  =  a;  +  ^; 


and  v/^2(°  +  4)  =  *"  —  y  ;  liere  also  fl'  =  l 
and  a:2  -  y  =  2  ;  also  squaring,  and  equating  rational  parts  in 

the  first  equation. 
^  +  y  —  o  ;  from  which  two  equations,  ar=  1,  and  y  =  —  1. 

Hence,  the  root  required  =  1  +  V—  1. 


CHAP.  XI.     SECTION  II. 


ON  THE  DIFFERENT  SCALES  OF  NOTATION. 

151.  WE  have  seen  (Art.  59)  that  any  number  (N)  may 
be  thus  expressed, 

JV=«,,10"-f  aB_,  10*"' ^10  +  a0 

where  the  value  of  the  digits  increase  each  time  by  a  power  of 
10 ;  the  number  10  is  in  this  case  called  the  radix  of  the  scale 
of  notation  in  which  the  number  is  expressed ;  any  other 
number  r  may  be  chosen  for  this  purpose  and  then  N  will  be 
expressed  by 

bm rw  +  &,„_,  rw-H  &c +  bir  +  b0. 

152.  Having  given  a  number  (N)  expressed  to  a  radix  r 
to  find  its  digits  when  expressed  to  a  radix  p. 

Suppose  that  to  radix  p, 

N=  cpp"  +  c,_t  fTl  + ct  P  +  c0. 

Now,  we  may  observe,  that  if  we  divide  N,  the  given  num- 
ber, by  the  new  radix  p,  the  remainder  will  be  c0;  if  we  divide  it 
a  second,  third,  pth,  &c.  time,  the  remainders  will  be  cv  c2, 
&c.  cp.  So  that  to  obtain  the  digits  required,  we  must  "  divide 
the  given  number  by  the  new  radix,  the  remainders  taken  in  a 
reverse  order  will  be  the  new  digits." 

(a).  The  division  of  the  number  N  by  the  new  radix  p  must 
take  place  in  the  scale  r  in  which  it  is  first  expressed ;  hence 
if  we  have  to  transform  a  given  number  (radix  r)  to  the  common 
or  denary  scale,  it  is  best  done  by  simple  addition;  thus  234 
in  the  quinary  scale  —  2  . 52  +  3  .  5  +  4  =:  69,  in  common 

notation. 

M 
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(b).  And  in  transforming  a  number  from  radix  r  to  radix  p, 
it  is  best  to  transform  it  first,  from  the  scale  of  r  to  the  denary, 
(by  addition)  and  then  from  the  denary  to  that  of  p  (by  division, 
as  in  Art.  152.)  This  avoids  the  necessity  of  carrying  on  the 
operation  of  division  in  an  unusual  scale. 

(c).  If  N  be  the  same  number  expressed  in  the  scales  r  and 
P,  we  have, 

bmrm-\-bm_1  r™-1  +  ....  b1  r  +  b0  =  N  =  c^/  +  cp_1  pp-1+...,  clP-f  c0 
so  that  of  the  four  sets  of  quantities,  the  radixes  of  each  scale, 
and  the  set  of  digits  in  each  scale,  any  three  being  given  the 
other  may  be  found.  If,  however,  we  have  given  the  two  sets 
of  digits  and  the  radix  r,  to  find  the  radix  p,  we  shall  have  to 
solve  an  equation  of  p  dimensions. 


153.     To  find  the  condition  of  divisibility  of  one  number 
(N)  by  another  (D). 

Let  N  =  bmrm  +  bm^rm~l  +  . ..  .  bl  r  +  b0 


-  bm(D  +  r-D)m  +  bm_1(D+r-  D)™-*  +  .... 
....  +b,(D+  r-  D)  +b0. 
Now  it  will  be  evident  by  expanding  each  of  the  quantities 


-D)™-*  &c. 
that  they   will   each  be  divisible  by  7>,  provided  bm(r  —D)m, 

N 
b,n^l  (r  —  D)"1'1,  &c.  be  so;  hence  -^  will  be  a  whole  number,  if, 

b0  +  b,(r  -  D)  +  &c  .....  +  bm^(r  -  D)^  +  bm  (r  -  D)m 
be  divisible  by  D. 

Ex.     Let  D  =  13  ;   r  =  10  ;   then  r  —  D  =—  3,   and   the 
criterion  of  divisibility  of  any  number  by  13,  is  the  fact  of 
b0  —  3  bl  +32  bz—  33£3-t-&c.  being  so. 

(a).  If  r  —  10,  and  D  =  9,  it  appears  that  a  number  is 
divisible  by  9,  if  the  sum  of  its  digits  be  divisible  by  9  ;  hence 
if  any  number  and  the  sum  of  its  digits  be  divided  by  9,  (he 
remainders  in  each  case  will  be  equal. 
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(6.)  Let  N  and  N'  be  two  numbers,  and  let  the  number  9 
be  contained  in  N,  p  times  with  a  remainder  R,  and  in  N',  p' 
times,  with  a  remainder  R' ;  then  we  have, 

N=  p  9  +  R,  and  N'  =  p1  9  +  R  ; 

and  by  multiplying  these  together, 

NN'  —  pp'  92  +  p'  R  9  -{-p  R  9  +  RR  ; 

hence  we  have  a  test  to  determine  the  accuracy  of  multiplica- 
tion ;  for  if  two  numbers  (N and  N')  which  are  to  be  multiplied 
together,  be  each  divided  by  the  number  9,  the  remainders 
(R  and  R)  when  multiplied  together  ought  to  be  the  same  as 
the  remainder  (RR')  arising  from  the  division  of  the  product 
(NN')  by  the  same  quantity  9 ;  provided  there  has  been  no 
mistake  in  the  operation.  It  will,  however,  suffice  instead  of 
actually  dividing  the  numbers  (N',  N',  and  NN')  themselves,  to 
divide  the  sum  of  their  digits  by  9  •  as  in  that  case  the  effect 
(as  far  as  the  remainders  are  concerned)  will  be  the  same  as  if 
those  quantities  themselves  were  divided  by  9  ;  by  (a).  This 
is  called  "  Casting  out  the  nines." 

(c).  The  above  is  not  an  unerring  test  of  the  accuracy  of 
multiplication,  since  it  is  evident  that  it  will  not  detect  an  error, 
provided  that  error  be,  in  defect  or  excess,  a  multiple  of  9. 

154.  The  operations  of  addition,  multiplication,   &c.  are 
carried  on  in  the  scale  of  which  the  radix    is  r,   in   the  same 
manner  as  in  the  common  scale,   observing  that   as  in  the  one 
case  I  is  carried  to,  or  borrowed  from,   the  next  superior  unit 
for  every  10  units,  so  in  the  other  case,  1  must  be  carried,  or 
borrowed,  for  every  r  units. 

155.  Any  even  number  may  be  represented  by  2  n,  and  any 
odd  one  by  2  n±\  ;   hence  the  sum  or  difference  of  two  odd 
numbers,  2  n  +  1  and  2  n'  +  1,  may  be  represented  by  2  («  +  n'  +  1 ) 
or  by  2  (n  +  ri)  each  of  which  being  divisible  by  2  is  an  even 
number.     Similarly  it  may  be  shewn  that 
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(1)  The  sum  or  difference  of  two  even  numbers  is  even : 

(2)  The  sum  of  any  number  of  even  numbers  is  even : 

(3)  Any  even   number  of  odd  numbers  is  even,  but  any 
odd  number  of  odd  numbers  is  odd  : 

(4)  The  sum  of  an  even  and  odd  number  is  odd : 

(5)  The  product  of  any  number  of  factors  one  of  which 
is  even  will  be  even,  but  the  product  of  any  number  of 
odd  numbers  is  odd : 

(6)  Hence  every  power  of  an  even  number  is  even,  and 
every  power  of  an  odd  number  is  odd  : 

(7)  Hence  also  the  sum  or  difference  of  any  power  and  ifs 
root  is  even;  for,  the  power  and  root  will  be  either 
both  even  or  both  odd,  and  in  either  case  the  sum  or 
difference  is  even  by  (1). 

156.  If  an  odd  number  divide  an  even  number  it  will 
also  divide  the  half  of  it. 

Let  ^  =  2n ;  B  =  2n'+l,  be  an  even  and  odd  number, 
such  that  B  is  a  divisor  of  A,  let  the  division  be  made,  and  call 
the  quotient  q,  then  we  have 

2  n  =.  q  (2  n'  +  1),  hence  q  is  even  or  of  the  form  2  n"; 

/.  2  n  =  2  n"  (2  n  +  1)  and  n"  =  — — » 

that  is,  n  =  \  A  is  divisible  by  B  if  A  itself  be  so. 
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CHAP.  XI.      SECTION    III. 


ON  PRIME  NUMBERS. 

157.     Every  number  may  be  expressed  by  one  of  the  forms 

n  p  -f  1 

p  n,  p  n  ±  1,  pn  ±  2,  $c.  t o  p  n  ±  -  or  p  n  ±  —r 

2  £ 

according  as  p  is  even  or  odd. 

For  every  number  is  either  divisible  by  p,  (in  which  case  it 
is  of  the  form  p  n)  or  it  is  not,  in  the  latter  case  the  remainder  must 
be  one  of  the  numbers  1,  2,  3,  &c.  p  —  1  ;  hence  every  number 
is  of  the  form  p  n,  or  p  n  +  I ,  or  p  n  +  2,  &c.  or,  p  n  +  p  —  I ; 


Now,  pn  -\-p  —  I  —  p(n  +  1)  —  I  —p  n'  —  1 ; 
putting  n'  for  n  +  1. 


Similarly,  pn  +  p—  2  =.  p(n  -+-  1)  —  2  =  p  ri—2; 
hence   by  using  the   double   sign  ±  we   can   comprise  all  the 

forms  in  the  series  pn,pn±l, p  n  +p  —  1, 

by  the  series, 

p  n,  p  n±  I  &c.  up  to,  p  n  ±  ?- ,  or  p  n  ±  — • 

(«).     The  number  p  is  called  the  modulus  of  the  form. 

(6).  To  an  even  modulus  prime  numbers  must  be  of  the 
form  p  n  ±  1,  pn  ±  3,  &c.  since  the  intermediate  numbers  in  the 
series  would  be  divisible  by  2. 

Ex.  Every  prime  number  is  of  one  of  the  forms  6n±  1? 
for  here  the  form  6  n  ±  3  is  excluded,  as  being  divisible  by  3. 

(c.)  When  a  number  P  is  expressed  by  the  form  pn  ±  rt 
r  must  necessarily  be  less  than  p;  and  if  P  be  prime  to  its 
modulus  p,  r  must  also  be  prime  to  p ;  for  P  =  p  n  ±  r,  and  if 
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r  and  p  had  a  common  measure,  p  n  ±  r  (or  P,)  would  be 
divisible  by  that  common  measure,  Art.  53,  and  in  that  case  P 
would  not  be  prime  to  p,  which  is  contrary  to  the  supposi- 
tion. 

(cf).  The  converse  of  (b)  is  not  true,  viz.  that  all  numbers 
contained  in  those  forms  are  necessarily  primes.  See  Art.  163. 

»  =  4     ,       f"  +t    x  2f     fd.^  /7,/ /»/•/««.   . 

158.  If  a.  and  b  be  any  two  numbers  prime  to  each  other, 
then  a  ±  b  is  prime  to  each  of  them. 

For  if  a  ±  b  and  b  had  any  common  divisor,  then  (a±  b)  +  b 
and  6,  or  a  and  b  would  have  a  common  divisor,  which  is  con- 
trary to  the  hypothesis. 

(«).  Conversely,  if  a  number  consist  of  two  parts,  and  be 
prime  to  one  of  those  parts,  it  will  be  prime  to  the  other. 

(b).  Hence  also  a  +  b  is  prime  to  a  —  b,  or  they  have  only 
the  common  measure  2^  for  if  they  have  any  other  common 
measure,  their  sum  and  difference  2  a  and  2  bt  will  have  the  same 
common  measure,  but  since  a  and  b  are  prime  to  each  other, 
2  a  and  2  b  can  only  have  the  common  measure  2. 

It  is  evident  that  a  +  b,  and  a  —  b,  will  only  have  the  com- 
mon measure  2,  when  a  and  b  are  both  odd. 

159.  If  a  number  (c)  be  prime  to  each  of  two  others  (a) 
and  (b),  it  is  prime  to  their  product  (a  b). 

If  possible,  let  d  be  a  prime  divisor  of  both  c  and  a  b  ;  hence 
by  hypothesis  it  cannot  be  a  divisor  of  either  a  or  &  since  c  is 
prime  to  both  a  and  b. 

ab  as 

Suppose-^  =*,.'.5=V 

and  since  d  is  a  prime,  and  not  a  divisor  of  a,  .*.  -7  is  a  fraction 
ID  its  lowest  terms. 
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A 

If  —  be  not  a  fraction  in  its  lowest  terms,  let  d1  be  its  greatest 

common  measure  ;  so  that,  s  =  d'r ;  b  =  d!  r' ; 

a,  _  s  ___  d!  r  _  r 
'  d      1}     d  '/•'       r  ; 

The  first  and  last  of  these  fractions  must  be  identical,  as  they 
are  both  irreducible ; 

hence,  a  =  r,  and  d  r=  r' ; 

also,  6  =  d  r1  ~  d  d' ;  and  .*.  -7  =  cT ; 

a  whole  number,  which  is  absurd  ;  since  d  has  been  shewn  not 
to  be  a  divisor  of  b. 

(a).    Hence  if  c  be  prime  to  a,  it  is  prime  to  the  product  of 
a  and  a,  or  a2,  also  to  a3  and  generally  to  a". 

(6).     Since  a"  is  prime  to  c,  if  a  be  prime  to  c ;  therefore  a" 
is  prime  to  the  product  of  c  and  c>  or  c2 ;  and  generally  to  c"; 

that  is,  if  -  be  a  fraction  in  its ~ lowest  terms,  -    is  in  its  lowest 

c  c" 

terms  likewise. 

(c).    Hence   also  if  c  be  prime  to  x,  y,  z,  &c.  separately,  it 
is  prime  to  their  product  x  .y  .  z  .  &c. 

(d).     If  c  divide  the  product  a  b,  but  is  prime  to  one  of  its 
factors,  it  must  be  a  divisor  of  the  other. 

160.  If -bean  irreducible  fraction,  the  terms  of  every  other 

(A  "v  r\ 

~  j  which  is  equal  to  ^ ,  must  be  severally  equi- 
multiples of  a  and  b.        ^_g 


A 

For,  if^-=  f.)  .'^a^=.  _^T>  ;  which  last  is  therefore  a  whole 
b       Jj  ~~i£. 

number, 

.'.  a  B  must  be  divisible  by  b ; 
but  a  is  not  divisible  by  b,  by  hypothesis ; 


therefore  B  must  be  divisible  by  b,  or  in  other  words,  B  must 
be  a  multiple  of  b  ;  and  similarly,  A  must  be  a  multiple  of  a. 

161.  The  />th  co-efficient  of  a  binomial  raised  to  the  ntil 
power  is  (Art.  139  (h).) 

*r    -n(n  ~  !)  (rc-2)----  (*-P+  0. 
1.2.3  ....p 

.'.\.2  .3....px"Cp  =  n(n  —  1)  (n  -  2) (»  —  p  +  1). 

Since  the  second  side  is  a  multiple  of  n,  the  first  must  be  so 
likewise,  and  if  n  be  a  prime  and  be  >p,  then  nCp  must  be  divi-. 
sible  by  n,  hence  in  that  case  all  the  terms  of  the  bionomial 
(x  -f-  d}n  are  divisible  by  n  except  xn  and  a".  Similarly  it  may 
be  proved  that  under  similar  circumstances  all  the  terms  of 
(a+6  +  c  + )"  are  divisible  by  n  except  a"  +  6"  +  cn  +  &c. 

162.  To  ascertain  whether  a  given  number  be  a  prime 
number  or  not. 

Divide  it  by  all  the  prime  numbers  which  are  equal  to  or  less 
than  the  square  root  of  itself,  if  it  be  not  divisible  by  any  one  of 
these,  it  is  a  prime. 

For,  every  number  JVthat  is  not  a  prime  maybe  represented 
by  N=  ab,  Art.  144.  where  N  is  divisible  both  by  a  and  b. 

Now  if  a  =  b,  they  are  each  equal  to  V  N,  N  being  in  this 
case  a  square  number.  Again,  if  a  >  V  N  then  b  must  be 
<  VN,  otherwise  we  should  have  a  b  >  N,  which  is  contrary 
to  the  supposition ;  conversely  if  b  >  V  ]V,  then  we  have  a  <.V  N; 
in  either  case,  we  have  the  number  N  divisible  by  a  numberless 
than  the  square  root  of  itself;  and  this  is  true  of  all  numbers  of 
the  form  N=  ab;  that  is,  of  all  numbers  not  primes;  hence  if 
a  number  cannot  be  so  divided,  it  is  a  prime. 
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163.     No  single  Algebraical  formula  can  be  found  which 
contains  prime  numbers  only. 

It  may  be  proved  that  every  Algebraical  formula  may  be 
put  under  the  form 

P  ==  a1  x  +  «2  x2  +  a3  xs  +  &c. 

If  possible,  let  this  contain  prime  numbers  only  ;  and  let  P 
become  a  determinate  prime  number  (POT)  when  x  becomes  =  m  : 

then,  Pm  =  al  m  -f  az  m2  +  «3  m3  +  &c. 

Now  in  the  first  formula,   if  we  make  $  =  m  +  p  Pm  the 
result  ought  still  to  be  a  prime  number,  we  have  then, 


j  x  ......  =  al  (m  +  p  Pm) 

_      +  az  x*  ......  =  a&  (m  +  p  Pm)2 


/- 
j 

" 


&c  .......  =  &c. 

rz  avm  +  asm*  +  a3m3  4-  &c.  +  other  terms  involving  Pm,  P*m,  &c. 
=  Pm  +  remaining  terms  multiplied  by  Pm,  Pma,  &c.  which  is 
divisible  by  Pm,  and  consequently  cannot  be  a  prime;  or  in  other 
words,  SHich  a  value  may  be  given  to  the  indeterminate  quantity 
in  every  Algebraical  formula,  as  will  render  it  divisible  by  some 
other  number. 

(a).  There  are  some  remarkable  formulae  which  contain  a 
great  number  of  primes,  if  a;  equal  any  term  of  the  series,  0,  1, 
2,  3,  &c.  then 

the  first  40  terms  of,  x"2  +  x  +  4  1  are  primes. 
.......  29   ........   2x*  +  29         .......... 

.......  17    ........  x*  +  x  +  17  .......... 

and  if  x  be  any  term  of  the  series  I,  2,  2%  2s,  &c.  the  first  31 
terms  of  2*  +  1  are  primes. 

N 
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164.  Neither  the  sum  nor  the  difference  of  two  fractions 
winch  are  in  their  lowest  terms,  and  of  which  the  denominator 
of  the  one  contains  a  factor  not  contained  in  the  other,  can  be 
an  integer. 

For  let,  —  and  -77-  be  two  fractions  in  their  lowest  terms, 
A  Jo  t 

of  which  t,  a  factor  in  the  denominator  of  one,  is  not  contained 

in  A,  the  denominator  of  the  other.     Then  if  -t    ±  -,    ,    be  an 

A       Bt 

aBt±Ab 
integer,  -j—.^ must  be  one  likewise;    which  cannot  be 

the  case  unless  A  b  be  divisible  by  AB  t,  that  is,  unless  A  b  be 
divisible  by  each  of  the  factors  of  A  B  t ;  but  A  and  b  are  each 
prime  to  t,  hence  A  b  cannot  be  divisible  by  t;  Art.  158  ;  and 

therefore  -j  ±  77—  cannot  be  an  integer. 

(a).  Hence  if  the  denominators  of  two  fractions  in  their 
lowest  terms  be  prime  to  each  other  the  sum  or  difference  of 
these  fractions  cannot  be  an  integer. 

(&).  And  if  two  fractions  are  in  their  lowest  terms,  their 
product  is  in  its  lowest  terms. 

165.  The  number  of  prime  numbers  is  infinite. 

If  not,  let  their  number  —  n,  and  let  the  greatest  r=  P; 

then  the  continued   product  1.2.3.4.5 P   will   be 

divisible   by  every  term  of  the  series   1,  2,  3 P;   and 

1.2.3  ....  P  +  1  will  be  divisible  by  no  term  of  that  series; 
hence  if  this  last  formula  be  divisible  by  any  prime  number 
it  must  be  by  one  greater  than  P,  or  else  it  must  be  itself  a  prime, 
and  in  either  case  we  have  found  a  prime  greater  than  the 
greatest  prime,  which  is  absurd ;  and  the  same  may  be  shewn 
of  any  finite  values  of  n  and  P. 
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16C.  If  a  and  b  be  any  two  numbers  prime  to  each  other, 
and  each  of  the  terms  of  the  series 

b,  2  b,  3  b,  4  b,   a  —  1  .  b, 

be  divided  by  a,  they  will  each  leave  a  different  positive  re- 
mainder. 

For  if  two  of  these  terms  when  divided  by  a  leave  the  same 
remainder,  let  these  two  terms  be  represented  by  x  b  and  y  b ; 
then,  xb  —  y  b  or  b  (x  —  y)  is  divisible  by  «,  which  is  absurd, 
since  a  is  prime  to  b,  and  x  —  y  less  than  a.  Art.  159  (d). 

(a).  Since  all  the  above  remainders  are  different  from  each 
other,  and  a  —  1  in  number,  therefore  these  remainders  include 

all  numbers  from  1  up  to  a  —  \. 
i 
(b}.     Hence,  some  one  of  these  remainders  will  =  1  ;  that  is, 

a  number  x,  less  than  a,  may  always  be  found  that  will  render 
b  x  —  1  divisible  by  a,  or  the  equation  b  x  —  ay  —  1,  is  always 
possible,  if  a  and  b  are  prime  to  each  other. 

(c).  The  same  is  true  of  the  equation  b  x  —  ay  —  —  1  for 
since  a  —  1  must  be  one  of  the  remainders,  a  number  x  may  be 
found  which  renders  b  x  —  (a  —  1)  divisible  by  a;  that  is,  the 
equation  b  x  —  ay  —  a  —  1  is  always  possible,  or 

b  x  —  a(y  +  \)  =  —  1 
is  always  possible,  or 

6  x  —  a  y  =  —  1  ;  by  making  y  +  1  —  y'. 

FERMAT'S   THEOREM. 

167.  Ifn  be  a  prime  number  and  h  a  number  not  divisible 
by  n,  then  h""1  —  1  is  divisible  by  n. 

Since  all  the  terms  of  the  expanded  polynomial 

(a  -f  b  +c  +  &c.)n 

are  divisible  by  n,  except  an  +  bn  +  cn  +  &c.,  Art.  160  ;  there- 
fore (a  4-  b  +  c  +  &c.)n  may  be  thus  represented, 

(a  +  b  +  c  +  &c.)n  =  a"  +  6"  +  cn  +  &c.  +  n  K. 
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Let  now,  a  =.  b  =  c  =.  Sec.  =  1,  and  let  h  be  the  number  of 
terms  of  the  polynomial ;  then, 

hn=h  +  nKornK=hn  —  h  =  h  (hn~l  —  1) ; 
and  since  n  K  is  divisible  by  n  therefore  h  (A""1  —  1)  must  be  so 
likewise;  but  n  is  prime  to  h  by  hypothesis,  therefore  h"~l  —  1 
is  divisible  by  n.     Art.  158  (d). 

(a),  n  being  a  prime  number,  n  —  1  must  necessarily  be 
an  even  number,  as  2  q ;  hence  we  may  assume 

A"'1-  1  =  (A*  +  1)(A«-  1), 
and  it  appears  from  the  above,  that  n  must  divide  one  or  other 

of  these  factors ;  that  is,  the  remainder  from  the  division  of  h9 

n 1 

by  n  is  ±  1,  when  n  is  a  prime  number  >  2,  and  q  =  — - — . 

& 

(6).  Since  A*  —  A  is  divisible  by  n,  therefore  An  and  A  leave 
the  same  remainder  when  divided  by  n. 

(c).  Also,  since  A  is  a  prime  number,  each  of  the  terms  of 
the  series  1,  2,  3,4,  &c.  n—  1,  are  prime  to  n;  hence  the 
theorem  will  hold  good,  when  any  one  of  these  numbers  are 
substituted  for  A. 

For  more  theorems  deduced  from  the  above,  see  Ency.  Me- 
tropolitana,  Art.  "  Theory  of  Numbers"  Art.  59.  Also  Hind's 
Algebra,  p.  413. 

SIR  JOHN  WILSON'S  THEOREM. 
168.     Ifnbea  prime  number  then  will 

1.2.3.4 (n  —  1)  +  1 

be  divisible  by  n. 

For,  it  is  shewn  by  the  Calculus  of  Finite  Differences,  that 
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For  n  put  n  —  1, 


.'.  1.2.3 w— I 

=  (n- 1)""1  -  ^  (w-2)0-1  +  fo-1)  fo-2)  (n_3)»-»  _  &c. 
1  1.2 

But  since  n  is  prime  to  n  —  I,  n  —  2,  &c.,  each  of  these 
quantities  raised  to  the  power  n  —  1  will  be  of  the  form 
nKl  +  1,  nKz  +  1,  nKs+  1,  Sec.     Art.  167. 

.-.  1.2.3 w—  1 


n  —  2) 


which,  since  n—  1  is  an  even  number,  may  be  represented  by 

(1_1)»_1  +nQ=-  1+nQ; 
.'.  1.2.3  ......  n—  1  +  1  =  n  Q,  and  is  therefore  divisible  b    n- 


(a).     The  product  1.2.3.4  ,...n—  1  is  the  same  as 
1  (n  -  1)  2  (n-  2)  3  (w-3)  &c. 


and  this  product  with  regard  to  its  remainders,  when  divided  by 
nt  is  the  same  as 

±  12.22.32.42... 


the  +  or  —  sign  being  used  according  as  n  —  1  is  even  or  odd  ; 
that  is,  according  as  n  is  of  the  form  4  n  +  1  or  4  n'  —  1  ; 
Art.  156; 


is  of  the  form  of  n  when  n  is  of  the  form  4  n  +  1, 


is  of  the  form  of  n'  when  n  is  of  the  form  4  n  —  1  ; 

hence,  it  follows  that  every  prime  number  of  the  form  of  4  n  +  I 

is  a  divisor  of  the  sum  of  two  squares. 
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(b).     The  latter  form  may  be  resolved  into  the  two  factors 


which  product  being  divisible  by  n,  it  follows  that  n  is  a  divisor 
of  one  or  other  of  these  factors  when  it  is  a  prime  number  of  the 
form  4  n1—  1. 

(c).     From  the  theorem  demonstrated  above,  a  number  of 
others  may  be  derived  as 

I2 .  22 .  3  .  4  .  5  . ,  . .  (n—  3)  (n  —  1)  +  1  .    . 

—  =  e,  an  integer, 

12.22.32.4  .5  ..  ..(n—  4)(»—  1)  +  1 

— — - —  =.  e,  an  integer, 

and  so  on,  until  we  arrive  at  the  same  form  as  that  in  (a). 
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CHAP.  XI.    SECTION  IV. 


ON  THE  DIVISORS  OF  COMPOSITE  NUMBERS. 

169.     To  find  the  number  of  divisors  of  any  number  (N). 
Let  N  be  resolved  into  its  prime  factors  am  b*  cp  dq  &c. 

Then  each  term  of  the  several  series  a,  a2,  a3  ......  am  ; 

7)    h"    b3  hn  •   r   r2    r3  rf  •    Rrc 

Uf       <S       )       U  ...»,.         U          y         (/}     C      9      V  ••••••         C          y          CVC. 

will  evidently  be  a  divisor  of  N,  and  also  every  possible  com- 
bination of  them;  that  is,  N  will  be  divisible  by  every  term  of 
the  continued  product 
(1  +  a  +  a2....  ft1")  (1  +  b  +  ft2....  6")  (1  +  c  +  c9....c")  &c. 

Art.  137. 

« 

The  number  of  terms  in  this  product  is 

(1  +  m]  (1  +  n)  (1  +  p)  &c. 
(a).     Sum  of  all  the  divisors 
—  (1  +  a  +  a2  ----  a'")(l  +  b  +  bz  ____  bn)  (1  +  c  +  ca  ----  cp)  &c. 

m+l  n+l  -1 

x  &c.     Art.  120. 


-  -       —r-  -          - 

a—  1  6—1          c—  1 

(b).     In  this  result  both  unity  and  .V  are  reckoned  amongst 
the  number  of  the  divisors. 

Ex.     360  •=.  23  .  32  .  5',  hence  the  number  of  divisors  of 
360  is  =  (1  +  3)  (1  +  2)  (1  +  1)  =  24. 

(c).     The  number  of  ways  in  which  N  can  be  divided  into 
two  factors  will 

=    -l  +m      1  +»      1  +       &c. 
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(d).  If  each  of  the  two  factors  be  prime  to  each  other,  they 
will  consist  only  of  the  prime  factors,  a,  b,  c,  &c.  composing  N, 
and  their  number  is  therefore 

(1.  +  1)  (1  +!)(!  +  1)  &c. 

2 

if  the  number  of  prime  factors,  a,  b,  c,  &c.  =  k,  then  2*-1  will 
be  the  number  of  ways  in  which  N  may  be  resolved  into  two 
factors  prime  to  each  other. 

Ex.  360  =•  23  .  3"  .  51  has  24  divisors,  hence  it  may  be 
resolved  into  factors  12  different  ways,  and  into  factors  prime  to 
each  other  23"1  =  4,  different  ways-. 

(e).  Hence  may  be  found  a  number  N'  having  a  given 
number  (w*)  of  divisors ;  for,  resolve  w  into  its  prime  factors 
m',  ri,  p,  &c.  and  take, 

N'  =  am'~l  .  ft"'"1  .  c''-\ 

where  the  values  of  a,  J,  c,  &c.  are  arbitrary ;  then  N'  is  a  num- 
ber having  m' .  ri  .p' .  &c.  =  w,  divisors,  as  appears  from  what 
has  been  demonstrated  above. 

170.  J/N  =  am  b"cp  $c.  then  the  number  of  integers  prime 
to  and  less  than  N,  will 

XT  a  —  1        b—  1        c  —  1  . 

—  N  -         -   X    — r —   X &C. 

a  b  c 

First,  let  n  •=.  p  =  &c.  =  0,  and  /.  N=.  am. 

Then  of  the  numbers  1,  2,  3,  4  ....  up  to  am,  it  is  evident 
that  there  will  be  one,  at  intervals  of  every  (a)  terms,  which  will 
be  a  multiple  of  a,  and  therefore  not  prime  to  N,  these  will  be 
a,  2  a,  3  a,  &c.  a"1"1  .  a,  and  their  number  will  =  a"*"1 ;  hence 
the  number  of  the  remaining  terms  of  that  series  will  be 

am  _  a«-i  =  am-\  (a  _  i)  —  JVa  ~  •  • 

a 

Again,  if  N~  am  bn,  we  shall  have  in  a  similar  manner 
am-\  b»  terms  divisible  by  a, 
am  5»-»  terms  divisible  by  b, 
am-i  £n-\  ferms  divisible  by  a  b. 
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But  as  the  first  expression  includes  all  numbers  divisible  bv 
a,  and  the  second  all  divisible  by  6,  the  latter  expression  must 
be  included  in  each  of  the  former;  hence,  we  have, 

a"1"1  bn  —  am"1  bH~l  terms  divisible  by  a  only. 
am  bn~l  —  am~l  bn~l  terms  divisible  by  b  only. 
am-\  j»-i  terms  divisible  by  ab. 

and  these  together  include  all  those  terms  of  the  series  1,  2,  3, 
4,  &c.  ambn,  that  have  any  divisor  common  to  am  bn  or  N,  con- 
sequently their  sum  taken  from  Af  will  be  the  number  of  those 
that  are  prime  to  it,  hence  that  number  will 

—  am  bn—am~l  b'1  —  an  bn~l  +  am~l  bn~l 
=  (am  —  a771-1)  bn  —  (am—  a™~1}  bh~l 

—  (am  —  a™"1)  x  (bn  —  bn~l) 


/  m  a—  1  \   /7n6  -  1  \        ,T 

=  (°  -^r)\b  ~r~)  =  Nx 


x  — -r 


And,  exactly  in  the  same  manner,  if  A' were  the  product  of  a 
greater  number  of  factors,  we  should  still  find  that  the  number 
of  integers  less  than,  and  prime  to,  N,  would  be  represented  bv 
the  formula 

_,      a  —  1        b  —  1        c  —  lp 
.  N  x  x  — ,       x  -      -&c. 

a  b  c 

Ex.     100  =  22  .  52  and  100  +  ~~    -  +  -^-r—  =  40, 

2,  o 

which  is  the  number  of  integers  less  than  and  prime  to  100. 

(a).  If  p  be  the  modulus  of  a  form  for  prime  numbers, 
Art.  156  (a);  the  number  of  forms  of  which  that  modulus  is 
susceptible  will  be  equal  to  the  number  of  integers  that  are  less 

than  ~  and  prime  to  it,  if  ^  —  ambncp  &c.  this  number  will  be 

1-  — 

p       a  ~  l       6—1        c  —  i 
'-  x  -       -  x   — j —  x  -      -  &c. 
2  «  b  c 

o 
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Ex.     If  p  =  20,  -^  =  10  ==  2  .  5,  number  of  forms 


the  forms  themselves  are, 

20  n  ±  1,  20  w  ±  3,  20  w  ±  7,  and  20  n  ±  9. 

171.  To  find  a  perfect  number,  that  is,  one  which  is  equal 
to  the  sum  of  its  divisors. 

Suppose  N  =  am  b,  a  perfect  number  ;  a  and  b  being  its 
prime  factors. 

Then,  (Art.  168  (a).) 

a»»+i  __  |        fa*  _  i        am+1  _  p* 

sum  of  its  divisors  =  --  x   ^  -  =  --  (&  +  1). 
a  —  1          6—1  a—  1 

But  this  includes  N  itself  (Art.  168  (6).)  which  in  the  case  of 
a  perfect  number  must  be  excluded  :  hence  we  have, 

/7»«+i  _   1 

am  b-  ^-—J-(b  +  l)-a»6; 
or,  2a""fl6—  2a"lft=aw+1A  +  am+1  —  5—  1  ; 

m 

and  .'.  b  = 


K  -  =  -  . 

m+l  _   2  ft™  -f   1 

In  order  that  b  may  be  an  integer,  assume 

a»+i  —  2  am  =  0,  or  a  =  2  ;   then,  b  =  2m+1  —  I  ; 

and  JV=  a"  6  =  2w(2m+1  —  1); 

where  it  must  be  observed,  that  since  b  or  2m+1  —  1  is  supposed 
a  prime  number,  m  must  be  so  assumed  that  this  may  always  be 
the  case. 

Ex.     If  m  =  1,  the  number  is  (2a  —  1)  .  2  =  6,  which  is 
the  least  perfect  number. 
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CHAPTER  XIL 


ON  THE  INDETERMINATE  ANALYSIS. 


172.  AN  indeterminate  equation  is  one  where  two  unknown 
quantities  are   involved,   and  there  is   no   other  equation  ex- 
pressing- a  relation  between  them  ;  the  number  of  solutions  will 
in  that  case  be  infinite,  as  any  value  whatever  being  put  for  one 
unknown  quantity  will  give  a  value  of  the  other  ;  but  the  number 
of  solutions  may  be  restricted  by  taking-  only  the  integral,  or 
only  the  positive  integral,  values  of  the  two  unknown  quantities. 

173.  The  general  form  of  a  simple  indeterminate  equation, 
when  the  unknown  quantities  are  integral,  is 


in  this  equation  a  and  b,  are  prime  to  each  other,  for  if  they  had 
a  common  divisor  d,  the  values  of  x  and  y  being  at  the  same 
time  integral,  we  should  have, 

a  x  ±  b  y  .   .  c 

—  -^  —  *  ,  (an  integer)  =  ±  ^  , 

which  must  therefore  be  an  integer,  hence  the  equation  may  be 
reduced  by  dividing  by  the  common  divisor. 
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174.     To  obtain  a  solution  in  whole  numbers  of  the  equation 
a  x  +  b  y  =  c. 

We  have,  x  =.  --  —  .  a  whole  number. 
a 

T       c  c'      b  b' 

Let  -—  r>  -\  --  ,  -  =r  y  +  —  - 
a  a     a  a1 

.'.  x  =.  p  —  q  y  +  -       —  —  ,  a  whole  number  ; 

c'  —  b'  u 
Whence,  laking  the  fractional  part  -       —  -  ,  and  equating 

0 

it  to  a  new  unknown  quantity  u,  we  have 

c'  —  b'  y  c'  —  an 

*/  —    _     *^  •     /tt  —  •   _ 

a       '•••7/-          b' 

i    4  f-'          ,   .    c"        a         ,   .     a' 
Let^=^+F'     6'  =  «+l?; 

c"  —  a'  u 
.-.  y  =  ;>  -  q  u  +  -  -j,  --  . 

It  is  evident  that  the  remainders,  being  obtained  in  the  same 
manner  as  those  in  finding  the  greatest  common  measure,  will 
continually  decrease,  and  by  proceeding  as  above,  putting  the 

fractional  part  ---  r,  --  —  z,  we  shall  have  at  last  one  of  the 
remainders  b',  «',  &c.  r=  1.     Suppose  a  =.  1  ;  then 

C"  —  M  „         ,, 

---,  —  =2;  .*.  u  ~  c  —  6  z; 


/.  y  •=.  p'  —  </  (c"  —  b'  z)  +  z  is  known  ; 
and  x  —  p  —  q  y  +  c"  —  b'  z  is  also  known  ; 
where  any  value  at  pleasure  may  be  given  to  z. 

(a).     If  a  and  c,  or  b  and  c,  be  not  prime  to  each  other  the 
solution  may  be  abridged. 

Let  m  be  the  common  measure  of  a  and  c. 

Then  -  -  +         =:  ~  ,  also  —  «-  must   be  a  whole   number. 
m         m        m  m 
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because  by  hypothesis  all  the  other  terms  are  whole  numbers, 
therefore  y  must  be  of  the  form  m  y  ,  and  by  substituting  my 
fory  in  the  equation  ax  +  by  •=.  c,  and  dividing  by  m,  we  get 
an  equation  to  solve  in  lower  terms. 

175.     The   several  values   of  x   and  y  in  the   equation 
a  x  +  b  y  •=.  c  are  in  Arithmetic  Progression. 

For,  let  x  —  a,  and  y  —  ft,  be  one  solution  of  this  equation. 
Then  a  a  +  b  ft  —  c,  and  subtracting  this  from  the  first  equa- 

tion, we  have, 

—  ft       y  —  ft 


,  . 
a  (x  _  a)  =  _  6  (y  _  0),      ,  b 

arid  since  a  and  b  are  prime  to  each  other,  y  —  ft  must  be  a 
multiple  (as  Xa)  of  a;  Art.  159;  and,  a  —  x  must  be  the 
same  multiple  (as  X  6)  of  b:  that  is,  .r=.a—  X&;  andy=/3  +  \a; 
the  integral  quantity  X  being  entirely  arbitrary.  These  are 
general  values  of  x  and  y,  and  all  others  are  comprised  in  these 
forms;  for  if  x  •=.  a';  y  =.  ft'  be  another  solution  of  the  first 
equation,  we  have 

a  a  +  bft'=c-, 
also,  a  a  +  b  ft  =  c  ; 

.'.   a  (a!  -  a)  =  -  b  (ft'  -  ft) 
and  reasoning  as  before,   ft'  —  ft  is  a  multiple  (Xa)  of  a  ; 

consequently,  ft'  =  ft  +  X  a;     and  similarly,  a  =z  a  —  X  b, 
which  values  are  comprised  in  the  above  forms. 

Hence  if  we  make  X  =:  1,  2,  3,  &c.  successively,  the  series 
of  values  of  x  and  y  will  form  Arithmetic  Progressions,  of 
which  a,  and  —  b,  are  the  common  ratios. 

(a).  We  may  hence  find  the  number  of  positive  integral 
solutions  which  the  equation  admits  of;  for  since  x  —  a.  —  X  b 
and  y  =  ft  +  X  a,  find  the  value  of  X  which  makes  each  of  these 
quantities  first  negative,  the  number  of  values  of  X  comprised 
between  these  two  extremes,  will  give  the  number  of  positive 
integral  solutions. 
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Ex.     5  x  -f  7  y  =  31  f».     By  proceeding  as  in  Article  1 72, 
we  find  x  r=  66  —  7  t,  and  t  =  10  first  makes  this  negative  ; 
also,  y  —  5  /  —  2,     and  t  =  0     first  makes  this  negative ; 
.'.  number  of  positive  integral  solutions  r=  9. 

176.  If  an  equation  were  proposed  involving  three  unknown 

quantities  ;  as 

a  x  +  by  -\-  c^=r</,  we  have 

a  x  +  by  =  d  —  c  z  ~  c',  suppose  ; 
whence  we  may  find  values  of  .r  and  y  of  the  form 

x  —  m  r  +  we',  y  =:  w'  r  +  w'  c', 

or  or  =  TO  r  +  w  (r/  —  c  x)  and  y  =.  m!  r  +  ri  (d  —  c  2), 
where  2  and  r  may  be  taken  at  pleasure,  except  in  so  far  as  the 
values  of  x,  y  and  z  are  restricted  to  positive  values. 

177.  Indeterminate  equations  of  the  second  degree  will 
always  produce  equations  of  one  of  the  following  forms: 

a  a  +  bx  .  , — .  T  .. 


In  the  two  first  of  these  equations,  x  is  to  be  determined  so 
that  y  may  be  an  integer ;  in  the  last,  so  that  y  may  be  rational 

1st.    y  —  t ; 

b  +  c  x  ' 

here  b  +  ex  must  be  a  divisor  (d)  of  a  ;  hence 

d-b 

b  +  c  x  =  d  and  x  =. , 

hence  we  must  search  among  the  divisors  of  a,  for  one  such  that 
when  b  is  subtracted  from  it  the  remainder  may  be  divisible  by 
e,  the  quotient  will  be  the  required  value  of  x. 
a  +  b  x 


if  d  be  a  divisor  of  &,  x  will  be  taken  out  of  the  numerator,  if 
we  divide  it  by  c  +  d  .r,  and  this  form  is  then  reduced  to  the 


preceding.     But  if  a*  be  not  a  divisor  of  6,  multiply  both  sides 
by  d,  then 

d  a  +  dbx  ,        ad  —  b  c 

d  y  =  -  -        —5 ;  or,  d  y  =  b  + j — ; 

c  +  dx  c  +  dx   ' 

hence  *   is   found   by  making   c  +  dx  equal  to  a  divisor  of 
ad—  b  c. 


3dly..  y  =  V'a  +  &x  +  c#2. 

1.     Let  a  be  a  square  number  and  = 


Suppose   i/ g*  +  b  x  • 
then,  squaring, 

g*  +  b  x  +  c  jc2  =  g"  +  2  g  m  x  +  m?  xz,  or, 
b  +  c  x  =  2  gm  +  m2  x, 

2  am  —  b 

whence,  x  =.  — ^-  ; 

c  —  m~ 

/— 5 r-       c  q  —  b  m  +  q  m9 

and,  y  =  v  g-  +  bx+cx*=-  — ^- . 

Here  m  may  be  any  rational  quantity,  integral  or  fractional.      •/ 
Case  2.     Let  c  be  a  square  number  =  g2,  then  putting 
I/a  +  6  x  +  <jr2.r2  =  w  +  g  x  we  find 

,  mz  —  a 

a  +  bx  —  mz+2nmx,  whence,  x  ==  ^ . 

6  —  2  mgr 

and  y  =  I/a 


Here  m,  as  before,  is  arbitrary. 
Case  3.     When  neither  a  nor  c  is  a  square  number ;  but  the 
°        expression  a  +  b  x  +  ex*  can  be  resolved  into  two  simple  fac- 
^  v        tors,  /  +  g  x ;  and  f  +  g'x;  we  have, 

^J  l/a  +  6*  +  c**=  !/(/+  gx)  (f  +  g' x)  =  m(f  +  gx). 

<J 

^  |  Then,  (f+gx)(f  +  g' x)  =  m9  (/-f  <jra:)9, 

^  ^  /•/         /  «  /  /. 

>  ^  or»  /    +  S'  ^  —-  m  (j  +  S'  #)  j 

whence,  x  =.  —j-^- — f-  • 


and,  y  —  V  (f  +  g  x)  (f  +  g'x)  = 
m  being,  as  before,  arbitrary. 


ill 

Case  4.  When  a  +  b  x  -j-  c  a?  is  of  the  form  p2  +  q  r  when 
/>,  q,  and  r,  are  any  quantities  which  contain  no  higher  power 
of  x  than  the  first. 


Let  us  assume, 


V  a  +  b  x  +  c  x*  (  —  V  p-  +  q  r)  —  p  +  m  q  ; 
then,  p~  +  q  r  r=  p2  +  2  m  p  q  4-  tnz  <?2, 

and,  r  =:  2  m  £>  -1-  »r  9  ; 

and  as  this  equation  involves  only  the  first  power  of  x,  we  may, 
by  reduction,  obtain  from  it  rational  values  of  x  and  y  as  in  the 
three  foregoing-  cases. 

Ex.  To  find  two  square  numbers  whose  sum  is  a  given 
square,  or  in  other  words  to  find  the  formula  for  the  sides  of  a 
right-angled  triangle.  (See  Euclid  I.  45.) 

Let  a2  be  the  given  square  ;  #2,  y2,  the  numbers  required, 
then,  y—  v'a2  —  x".  This  form  comes  under  Case  1,  so  that 
we  have,  g=  a,  b=  0,  c  =  —  1,  and  substituting  these  values 
in  the  formula,  and  —  n  for  m,  we  find 


2  n  a.  a  (w2  —  1  ) 

-rir+~\'y=       n-  +  1     5 


hence  the  numbers  required  are 

4  «2  n2  a2  (n2-  I) 

2  - 


if  a  =  nz  +  I,  (n  being  arbitrary)  ;  the  values  of  x1  and  y*  will 
both  be  integers,  viz. 

x9  =  4  w2  ;   and  y9  =  (n2  —  I)2. 

(a).     Similarly  we   may  find   two  square  numbers  whose 


difference  is  a  square 
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CHAP.   XIII. 


ON  CONTINUED  FRACTIONS. 

M 
178.     To  convert  a  fraction  ^-,  into  a  continued  one. 

Let  y,  be  the  nearest  integer  in  -^v,  and  let  ^rv=^,+  -, 

art  being  the  reciprocal  of  a  proper  fraction,  and  therefore  an 
improper  one  ;  take  yt  the  nearest  integer  less  than  xlt  and  let 


Similarly,  suppose,  xt  •=.  y,  -\  —  &c.  =  &c. 

*3 

M  1 

Then  «  =  y,  +  -=  y,  +  J  _  _  \ 

xi  ~  —  y\  -T 


—  \ 


5/3 


2/4  +  &C' 

The  fraction  (or  whole  number)  resulting  from  the  first  term 
(yj  of  this  continued  fraction,  (neglecting  other  terms),  we 

shaH  denote  by  —  ;  that  from  the  two  first  terms    f  y  j  H  —  ), 
y\  ^        Ve  ' 
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by  ?-«  ;  that  from  the  three  first    )  yl  +  ]         -  f     by  -^  ;  &c. 

78  •* 


2?n 

and  that  from  the  n  first  by  —  . 

9»  ' 

These  will  evidently  be  successive  approximations  to  the  value 

fM  .          .      . 

of  JT=  increasing  in  accuracy  as  n  increases. 

Trn         T  A-          j   s        j.'  P»         y»  P»-l  "r"  P"-g 

179.     Jw  any  continued  fraction,  —  =  —       -^—  - 

'  q»     y»  q»-, 

For,  ^  n  y.,  where  pt  =  y^  and  gx  =  1 
3i 

p*-v  .  1  =yi?/g  + 
9«          2/«        y2 

&--„  ,  1_   --v 
~yi  - 


.y,.  _  y>(y,y*+  1)  +  . 


Similarly,  £*  =  W'+P*  ;  and  generally, 


(a).     If  in  this  last  equation  we  replace  yn  by  z,  where  z  = 
the  nth  together  with  all  the  succeeding  quotients 

1 


in  that  case-"  will  become  -jj;  so  that  we  shall  thus  have  the 

9*  -Vf 
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exact  value  of  the  original  fraction  ;  that  is, 


The  quantity  z  is  called  a  complete  quotient  ; 

2*   D  ~\~    f) 

and,     r""1  -  t^2-  a  complete  fraction. 
2  qn,1  -f  q.n-z 

(b).     We  have  ptt  =  ynpn,l  +  p«_2  , 
whence,  yn  =  ?*~  Pn~3f 

Pn-i 

also,  qn  —  ynqn^.i  +  qn_2  , 

whence,  yn  -  q"  ~~  <?n'a  , 
9»-i 

Equate  these  values  of  yn  and  clear  the  equation  of  fractions, 
(hen, 


or,  />„?„_!  -  9,^,^!  = 
which  last,  by  similar  reasoning1, 


until  we  come  to 

±  (P*9i  ~  ^.fi).  which  (Art- 
=  ±  {(yiyg  +  1)1  -y.tft}  =±  l, 

the  positive  sign  being  used  when  n  is  an  even  number,  and  the 
negative  when  n  i£  odd. 

(c).     By  dividing  the  equation 

P*?»-i  —  9»P«^-i  =  ±  lify  q»qn^lt  we  get, 
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which  therefore  gives  the  difference  between  any  two  successive 
approximations. 

(d).    It  appears  from  the  equation  />„<?»_!  —  <?„;?„_,  =  ±  1, 
that  any  quantity  which  divides  both  pn  and  qn  must  also  divide 

±  I  ;  or,  in  Other  words,   the  fractions  ^  ,    5=2;  &c.  are  all 

9»       <l—i 
irreducible. 

180.     Each  successive  approximation   approaches   nearer 

M 

to  the  value  of-rr  than  the  one  which  precedes  it. 


For       -          =       ^         ^__  fla.  Art.  177  f«)  ; 
N         q^         z  ?B_1  +  qn^        q^ 

j 


«/»_,  (S  ^n.j   +  qn,^ 

Again,        -  £5=8.  =  fg^i  +  P«-t  _^rf 
2V        n_        **.+  9.^      9»-8 

±z 


This  diflference  is  greater  than  the  former,  because  z  is  ne- 
cessarily greater  than  1  ;   and  qn^  less  than  9n_t  ;  hence  the  ap- 

proximation -^i-  is  more  accurate  than  ^^  . 

<2n-!  qn^ 

f  .      c.       M      »»_f  ±  l 

(a).     Since  -^  —  l-^-±  =  -  -.  —  =  - 


and  that  z  cannot  be  less  than  1,  hence,  (changing  n  —  I  into  n,) 

the  difference  between  -^  and  the  wth  approximation,  —  ,  can 

•**  9» 

never  be  greater  than     ,    ~  -  •    nor  a  fortiori  than  =-=-  ; 
9»*  +  ?»?-,'  9»2 

or  than  —=  —  . 
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(6).     Since,  -^ -r  —  -  =   -^  — , nearly, 

N       qn       ?„-  +<?„?„.., 

if  the  positive  sign  be  taken,  (that  is,  if  n  be  even,  Art.  177  (&)) 

77 

it  appears  that  the  approximation  -  -   is  less  than  the  true  value 

M 

of  ^_;  and  if  the  negative  sign  be  taken,  it  is  greater;  or  the 

even  approximations  are  too  great,  and  the  odd  ones  too  little. 

1) 

(c).     Since  in  the   approximation  —  a  part  of  the  whole 

?» 

M 
denominator  of -^has  been  omitted,  it  is  evident  that  the  fraction 

•rv  is  in  higher  terms  than    —  ;  also  ^  is  an  irreducible  fraction  ; 
•"  <?»  9» 

M' 
(Art.  177  (rf))  ;  hence  no  other  fraction  -~    in  lower  terms  than 

—  is  a  nearer  approximation  to  ^  than  is  —  . 

qn  ^  qn 

181.  The  theory  of  continued  fractions  is  of  considerable 
utility  in  furnishing  an  expeditious  solution  of  an  indeterminate 
equation ; 

Let,  ax  -f  by  =  c,  be  the  equation,  and  convert  the  fraction 

(i  P       P 

rinto  a  continued  one;  — ,  — ,  &c.  being  the  successive  con- 

vergents ;  suppose  we  have  obtained  the  complete  value  of  j 

when  we  have  taken  the  nth  convergent,  that  is,  let  —  =  ^;  then, 

qn       o 

Art.  177  (A); 

pnqn-i  —  qnpn-i  (=  aqn,l—bpn^l)=. ±1 

hence,  acqn,l  —  bcp^  =  ±c 
comparing  this  with  the  original  equation,  we  have 
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cqn-1  =  x  and  —  cpn_i  —  y, 
which  are,  therefore,  solutions  of  the  equation. 

Ex.  105  x—  43  y=.  17,  by  following  the  method  in  Art.  178. 
we  should  find  the  n  —  F\th  or  5th  convergent,  towards  the  frac- 

1 05  2^ 

tion  — —to  be  ~,  hence  105  x  9  —  43  x  22  =  — 1,  (where  the 
4o  y  » 

—  sign  is  used  because  the  continued  fraction  has  5  terms,  Art. 
17?  (6);  hence,  multiplying  this  equation  by  —  17,  and  com- 
paring it  with  the  given  one,  we  have 

x  =  — 19  -f  17  andy  =  —  22  x  17, 

whence,  (Art.  173) ;  x——  153  +  43  t;  and  y  =—374  +  105  f. 
which  comprize  all  the  values  of  x  and  y. 

182.  The  most  accurate  observations  have  determined  the 
length  of  the  solar  tropical  year  to  be  365,242264  days. 

This  not  being  an  exact  number  of  days,  requires  the  interca- 
lation of  a  day  at  stated  intervals  of  time,  in  order  to  prevent  the 
commencement  of  the  civil  year  from  happening  at  different 
seasons;  to  determine  how  this  intercalation  must  be  made, 

we  must  reduce  the  part  -  to  a  continued  fraction,  itssuc- 

1        7        8        39        86       . 
cessive   convergents  are  --->   —  >  —  ,  — —  >  — — ,  &c.      Julius 

Caesar  proceeded  upon  the  principle  of  the  first  of  these  con- 
vergents and  intercalated  a  day  every  4  years ;  the  ancient  Per- 
sians adapted  a  complicated  system  of  intercalation  from  the 

Q 

third  convergent   —  ;  (See  Francoeur's  Complete  Course,  Art. 

o3 

564).  The  Gregorian  correction,  which  is  the  one  used  at  pre- 
sent, intercalates  one  day  every  4  years,  omitting  the  intercala- 
tion every  100  years,  three  times  out  of  four;  in  this  way  97 
days  are  intercalated  everv  400  years.  This  intercalation  is  not 

97 
quite  exact,  since  the  fraction    —  is  not  found  amongst  the 
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above  con vergents;  but  the  error  is  too  small  to    produce  any 
sensible  inconvenience  until  after  the  lapse  of  many  centuries, 

97 
for  the  fraction —   differs  little  from  the  second   convergent, 

7 
— ,  and  the  error  introduced  by  taking  this  last  instead  of  the 

£t  J 

whole  fraction,  would  be  less  than  -^,  Art.  178  (a);  or  less 

than  the -^  part  of  a  day. 

% 

183.     If  we  have  the  equation  u  =.  a*  we  may  find  an  ap- 
proximate value  of  x  by  means  of  continued  fractions ;  for,  let 
the  highest  exact  power  of  a  contained  in  u  be  a",  so  that  a"  is 
<M;  and  an+l  >  w;  hence  the  value  of  x  lies  between  n  and 
n  +  1; 

Let  x  =  n  4-  — »  hence, 
x 

*+—  -4 

a    x>  ==  u,  or,  an  .  a  x '  =  u. 


/u\" 
•'•  (an)    =  «• 


In  the  same  manner  suppose  in  this  equation,  that  x1  lies  be- 
tween n'  and  n'  +  1 ;  let  x1  =  n  H — r/ ;  and  proceeding  thus  we 

X 

shall  have  at  last 

1 


=  n  + 


w"'  +  &c. 


(a).     It  appears  from  Art.  178  (a)  that  n  +  — ,  differs  from 

x.  by  a  quantitv  less  than      .     , — rr?  and  that  the  third  ap- 
J  n  (n  +  n ) 

proximation  differs  from  #by  a  quantity  less  than 
(rin"  +  n'  +  l)(7i'n"  +  1)' 
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184.     To  extract  the  root  of  a  number  in  the  form  of  a 
continued  fraction. 

Suppose  19  the  number,  then  since  4  is  the  greatest  integer 
root  contained  in  it,  take 

A/T9  =  4  +1,  whence  y  =     —          =  ¥-!£±*  . 
y  1/19-4  3 

Again,  since  2  is  the  greatest  integer  in  —         —  ,    take 

O 

4          ,    1  3  3(V~T?+2) 

-  =2+  -7,  whence  y  =  -7=  --  =  -  -  -  = 


—  2 

V/TF+  21  5  V/T9  +  3 

similarly.  -  =•  1  -f  -„,  and  y  =.  —  —  -  =  -  -  - 

5  y  A/19-  3  2 


-     3  1  2  1/        +  3. 

also,  -  -  -  =  3  +—  -,,  and  y    r=  —5=  -  =  -  =  -  » 
2  y"  -v/19-3  5 

By  pursuing  the  same  process  we  shall  at  length,  after  three 
more  operations,  reproduce  the  original  fraction  -r=  --  • 

after  which  the  convergents  will  of  course  re-appear  in  the  same 
order  as  before,  and  by  substituting  for  y,  y,  y",  &c.  their  values, 
we  shall  have, 

1 


V\9  =  4  + 


1 

71 


8  +&c. 


(a).  By  continuing  the  above  process  far  enough,  we  shall 
find  that  in  all  cases  the  resulting  convergents  will  be  reproduced 
in  a  certain  periodic  order ;  for  a  proof  of  this,  and  an  explana- 
tion of  the  theorv  upon  which  the  above  is  founded,  see 
Francceur's  Complete  Course,  vol.  2,  p.  128. 
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(b).  We  may,  by  observation  and  induction,  deduce  from 
the  process  above  employed  in  extracting  the  root  of  19,  a  law 
for  the  formation  of  the  successive  quotients  ; 


f     .„  p  ,  ,       e 

for  if  -  -  —  =  n  +  &c.  and  -  ;  -  =  u  +  &c. 
n  n 

represent  any  two  consecutive  fractions,  u  and  u'  being  their 
respective  quotients,  it  is  easily  seen  that, 

19  -  m'2 


m!  —nu  —  m ;  and  »'  = 


n 


so  that  each  successive  value  of  m,  n,  and  u,  may  be  thus  de- 
duced from  those  in  the  preceding  operation. 


122 


CHAP.   XIV. 


ON  THE  RESOLUTION  OF  COMPOUND  FRACTIONS   INTO 
THEIR  COMPONENT  SIMPLE  FRACTIONS. 

185.  #  a0  +  a,  x  +  ag  x2  -f  &c.  +  a«  x"  =  b0  +  l>1  x  +  b2x2 
+  &c.  +  bMxn  for  all  values  oj'x,  then  will  a0  =  b0,  at  =  br 
a2  =  b2  &c.  and  a«  =  bn. 

For,  let  x  =.  o  ;  then  we  have,  cr0  =  b0;  an  equality  which 
is  not  rendered  such,  by  giving  a  particular  value  to  x,  but  which 
exists  independently  of  that  particular  value  ;  hence  we  shall  still 
have,  for  all  values  of  x, 

al  x  +  az  x*  +  &c.  -\-  anx—  b^  a;  +  bz  x*  +  &c.  +  bnX"; 
whence,  dividing  by  x,  and  supposing  x  again  ~  o,  we  shall 
have,  flj  =  6j  ;  and  similarly,  az  =  62 ;  and  generally,  «„  =  bn. 

N 

186.  To  decompose  the  compound  rational  fraction  ^-r, 

into  its  simple  component  fractions. 

If  the  numerator  be  not  of  lower  dimensions,  as  respects  the 
powers  of  #,  than  the  denominator,  it  must  first  be  made  so  by 
actual  division ; — 

Let  D  =  d  d'  d"  &c.,  where  d,  d',  d",  &c.  are  polynomial  fac- 
tors prime  to  each  other,  of  the  dimensions  £,  tf,  2",  &c.  respec- 
tively, and  assume 


N     A  xa-»  +  B  x*-*  -r  &c.  +  L  ,  Ax*  -1  +  B'x*  ~2 + &c.  +  L' , 

j,^ -j -  -f    -  — s—       -f&C. 

J)  a  a 
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reduce  the  fractions  on  the  second  side  to  a  common  denomina- 
tor, the  numerators  will  then  evidently  be  each  of  the  dimensions 
£  +  V  +  &c.  —  1  ;  and  the  common  denominator  will  be  d  d'  d" 
&c.  =  D;  hence  by  equating  co-efficients  of  the  same  powers  of 
a:  on  each  side,  we  shall  have,  S  +  $  -f  S"  &c.  equations  to  deter- 
mine the  unknown  co-efficients  A,  A',  &c.  B,  B',  &c.  the  number 
of  which  will  evidently  be  2  +  3'  4-  3''  +  &c.  since  the  numera- 
tors contain  each  S,  g',  3",  &c.  terms  respectively. 

(a).  The  denominator  D,  must  first  be  equated  to  0,  in  order 
to  determine  its  prime  factors. 

187.  There  are  several  coses  of  the  above,  which  we  shall 
examine  separately, 

1st.  If  D  be  of  the  form  (x  —  a)  (x  —  b}  (x  —  c),  we  must 
assume, 

N_       A  B  C          „ 

~     —  T7  i    ~T    ~~  T   OCC. 

D        x  —  a       x  —  b       x  —  c 

2d.  When  D  contains  imaginary  binomial  factors;  it  is 
generally  preferable  to  decompose  it  into  real  trinomials  of  the 
form  x*  +  px  +  q  :  thus  if  D  =  (x  —  a)  (x*  -f  62),  we  should 
assume, 

N_      A       L  B x +  L 

D  -  ^r^  +    j*  +  52  • 

3dly.  When  D  contains  factors  of  the  form  (x  —  a)»;  we 
might  deduce  such  a  simple  component  fraction  as 

A  x"-1  +  B  x*-~  +  &c . 
(x  -  a)n 

but  this  being  again  decomposable,  we  may  at  once  assume, 
instead  of  it,  the  equivalent  fractions, 

A-  B  -^        +&c  L 

-\«      i  _\«_i       I       /„  .-\n—2       '       Whv« 


O  -  «)"        (x  -  «)"-     '    (x  -  a)""  '    x  -  a  ' 

the  other  factors  of  D  (if  there  be  any  others,)  being  treated  as 
before. 
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4lhly.     If  D  contain  equal  factors  of  an  imaginary  form; 
we  must  assume,  as  in  the  second  case,  fractions  of  the  form, 
Ax  +  B  Cx  +  D  „  Kx  +  L 

and  proceed  as  before. 

188.  If  some  of  the  prime  factors  of  the  denominator  be 
known,  the  fraction  may  be  resolved  into  others,  by  the  following 
method,  which  will  be  found  less  laborious  than  those  given 
above. 


let 


Suppose  one  factor  x  —  a  of  the  denominator  known,  and 

N  N 


D  ~~  (x  -  a)  D' 

N  A  P       AD'  +  (x  -  a)P 

aSSUme'  (7^)^  =  7=1  +  D  =  —  (,  -a)  V       ' 

and  the  object  is,  to  determine  A,  without  knowing  the  polyno- 
mial P  ;  we  have  then, 

V  _  A  TV 

(x-a)P-N-  AD1;    .-.P=-  -  —., 

x  —  a 

which  last  is  not  fractional,  because  P  is  supposed  a  rational 
quantity  involving  no  negative  powers  of  x;  hence  N  —  AD' 
must  be  divisible  by  x  —  a  exactly  :  Let  now  x  —  a  =  0,  or 
x  =  a,  then  in  order  that  P  may  not,  upon  this  supposition,  be- 
come infinite,  N—  AD'  must=  0,  likewise;  Art.  189. 


Na  and  D'a  being  the  values  of  AT  and  D'  when  x=  a;  and 
similarly  the  numerators  of  the  other  component  fractions  may 
be  determined. 

189.     If  D  contain  factors  of  the  form  (x—a)n    we  must 
assume, 
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AD'  +  BD'(x-a)  +  &c.  +  LD'  (x  —  a)"-1  +  P(x-aT 

D 

N  -  AD'  -  BD'  (x-a)  -  &c.  -  LD'  (x  -  a)""1 
•'*      ~"  ~  (x—  a)n 

which  must  be  exactly  divisible  by  x  —  a;  and  as  before,  we 
must  have  when  x  —  a,  N—AD'  =  0,  since  every  other  term  of 
the  numerator  involves  x  —  a  ;  therefore 


Again  make,  -  =  1N.  and  therefore 
x  —  a 

*N-  BD1  -  &c.  - 
- 


_ 
whence,  as  before,  B  =         ,  and  similarly  if 


— 

-._  j         -iV      —     \_,  ±t  _ 

=  W;  and,  -  —  '  —  3  A^  &c. 


x —a  •  x — 

we  shall  have,  C  =  -~-f,   &c.  until  the  quantities  A,  B,  C,  &c. 
are  all  determined. 

190.  When  a  fraction  is  proposed  whose  denominator  con- 
tains both  equal  and  unequal  factors,  it  is  generally  best  to  treat 
the  unequal  factors  by  the  first  case  of  Art.  185;  and  then 
having  subtracted  the  component  fractions  corresponding  fo 
them  from  the  original  fraction,  to  treat  the  remaining  fraction 
by  the  method  explained  in  Art.  187. 

Ex.  Let  the  proposed  fraction  be 

N       x*  —  6  xz  +  4x  —  1 
D  =(x-2)  (A— 3) 
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N         A  B         P 

and  assume  ^  =  -      -4-  -     -  +  -«, 
D      x  —  2     x  —  3D 

Then,  first, 

N=  Xs  —  6  x*  4-  4  x  -  1  ;  /.  Na  =  23  -  6  .  22  +  4  . 2-  1  =  —  9 

D  =  (x  -  3) (a:  +  I)2;  .'.D'a  =  (2  -  1)  (2  +  I)2  =  -  9 

Hence,  A  =  y^  =  -    -  =  1  ; 
Lf  a       —  y 

again,  to  determine  B,  we  have, 

N  =  x3  —  6  x"  +  4  x  —  1  /.  Nt  =  33  —  6  .  3°   +  4  .  3  —  1  =  —  1 6 
D'=  (x—  2)  (x  +  I)2  /.  Dt  =  1  .  42  =16 

P  _  JVi  _   —  16 

~5^      nr 

and  the  two  fractions,  corresponding  to  the  unequal  factors,  are 

1  J_ 

subtract  this  from  the  original  fraction,  and  the  result  is  /  — — , 

(x+  I)2 

which  remains  to  be  decomposed  ;  we  have  then, 

x  A  B 

(x  +  I)2  —  (#+  I)2       x  +  l' 

.*.  x  =  ^1  +  5  x  +  B,  whence,  (Art.  183.) 

>  and  therefore  A  =  —  1  ;  and  finally, 
B  =  1  3 

.r3  —  6  x"  +  4  x  —  1  1  1  1  1 


*~  x—2       ar- 3     (x  +  1)2      x+  1  * 

191.  It  sometimes  happens,  when  a  particular  value  (a)  is 
given  to  the  indeterminate  quantity  (x}  which  enters  into  a  frac- 
tion, that  the  fraction  itself  will  then  assume  the  form  of  -;  this 
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arises  from  some  modification  of  (a1  —  «)  entering  into  the  nu- 
merator and  denominator;  the  real  value  of  the  fraction  may  be 
determined  in  such  a  case,  by  putting  a  +  h  for  or,  then  develop- 
ing two  or  three  terms  of  any  binomials  that  may  remain,  and 
afterwards  making  h  =  0. 

Ex.    To  find  the  value  of  the  fraction 

(x"  —  a2)  2"  4-  x  —  a       , 

—  ,  when  x  —  a, 
(1  +  x  —  af  —  1 

putting  a  +  A  for  x,  and  developing,  it  becomes 

3  h  +  3  A2 ' 

dividing  numerator  and  denominator  by  A,  and  making  h  =  0, 
we  have  ^  for  the  real  value  of  the  fraction  when  x  =  a. 

(a).  When  x  =  a  causes  the  product  PQ  to  assume  the 
form  O  x  oc  ;  since  -^  =  oc,  we  shall  have  Q  =  T»»  which 
comes  under  the  last  form. 

(6).     Similarly,  when  ^  becomes  ^ ,  then  „  =  TS  • 

C^  Mr          \J 

(c).  And  if  an  expression  assume  the  form  of  oc  —  oc,  this 
is  equivalent  to  p  —  —  ,  where  P  and  Q  are  each  =  O,  or  to 

,  which  as  before  takes  the  form  of  ^ . 
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CHAPTER  XV. 


ON  LOGARITHMS. 

DEF.  1.  IF  u—  a*,  then  a*  is  called  the  logarithm  of  u  to 
the  base  a,  denoted  thus  (log  «). 

DBF.  2.  A  system  of  logarithms  is  a  series  of  values  of  x 
corresponding  to  different  values  of  w,  the  same  base  a  being 
preserved. 

192.     In  any  system  of  logarithms 
su'u"u!"  ......  \ 

lQg  \UU    U  -  )    =   logM    +  logM     +logM'"   ...... 

^.v>,  **>„  v>ln  •  • 

-  (log  w,  +  log  w,,  +  log  «„,  ...... 

For  let  u'  =  a"  ;  u"  =  a"  ;  u'"  =  a""  &c. 
Also,  let  ut  =  a*'  ;  uu  =  a*"  j  M//;  =  a*/",  &c. 
Then  M,  «„  u,,,  ......  =  a*'  '"*•»  ...... 

and,  u1  u"  u'"  ......  =  a*+*"+""  ...... 


x  a 


whence  according  to  the  definition  of  logarithms, 


*„....)=  log 


t*^  **•//  **'///  * 
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or  log  M'  -f  log  u"  4-  log  u'"  .  .  . 
...    =  lo 


m  - 

(a),     Hence  also  -  loo:  z«  =  log  M"  . 
n 

m  m 

For  let  u  =  a*  ;  .*.  M"  =  a"  ; 

w  .,;         »*  i  i 

.'.   -  a*  =  loo1  &*  ;  or  -  log  M  =  log  un. 
n  n 

(b).  Hence  if  the  arithmetical  values  of  the  logarithms  of 
numbers  be  calculated  and  collected  into  tables,  the  multiplica- 
tion and  division  of  numbers  may  be  performed  by  the  addition 
and  subtraction  of  their  logarithms  as  given  by  the  tables;  and 
the  involution  or  evolution  of  numbers  by  multiplying  or 
dividing  their  logarithms  by  the  indices  of  the  powers  or  roots 
required. 

193.     To  expand  a*  in  a  series  proceeding  by  powers  ofx. 

Let  u—  a"  —  1  +  k  x  +  kz  xz  4-  &3  #3  +  &c. 
where  1  is  put  for  the  first  term  of  the  expansion,  because  when 
X  =  0,  a*  =  1  ; 

let  a  =  1  4-  b\  then, 


nx 


n  being  any  arbitrary  quantity,   whose  value  is  assignable  at 
pleasure. 

n  x  x 

Now,  (1  +!>}'*=  \(\  -f  6)"£"» 

X 

or  (1  +  5)*=  \  l  +  n  (k  +  £2»  +  &an«  +  &c.  )  \* 


j"  by  putting  PforA-2 
(which  by  expanding  by  the  binomial  theorem) 

=  i  +  ?„  (k  +  P  n)  +  *-^~  »*  (* 
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pn)  +  x  (*  ~tt)  (A-  +  PnY  +  &c. 

-('      +  5) .  c*  +  p.r-.."i 


now  n  being  an  arbitrary  quantity  cannot  enter  into  the  expan- 
sion of  a*,  we  may  therefore  make  n  =  0,  in  which  case  we  have 

a"  or  ( 1  -f  b)r  =  1  +  k  x  -\ x*  +  — -  — r  #s  +  &c- 

k"1  xm 


I  .2.3 m 

(see  Lagrange's  "  Calcul  des  Fonctions"  whence  the  principle 
of  the  above  method  is  taken). 

(a).     To  find  the  value  of  k  in  this  expansion,  we  observe 
that  it  is  the  co-efficient  of  x  in  the  series  for  (I  +  &)*  which  is 

V     (    *'       — -.       1    ^  T   (  W      m-m        1     ^      /  f*      .-        O  \ 

1  +  x  b  +  ^— -      6C  +  -     : ;(       —  63  +  &c. 

now  the  multiplication  of  a  number  of  factors  such  as  x  (x  —  1) 

(x  —  2) (x  —  n  —  1 )  together,  will  produce  an  expression 

of  the  form  a:""1  —  px*~*  +  &c ± Par,  the  last  co-efficient  P 

being  the  product 


(—1)  (-2)  (  —  3) (—  n—  1)  =  ±  1  .2.3.4 n—l 

the  sign  being  +  or  —according  as  there  is  an  even  or  odd  num- 
ber of  factors  composing  the  product ;  hence,  we  have  for  the 
co-efficient  of  the  »th  term 


-fa       n  -         , 

~~ 


......-  + 

1.2.3  ......  n  ~  n 

b*      63  bn 

-  +  _-&c  .......  ±_ 

"  -I)3  C 


since  a  =  1  +  ft. 
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194.     To  find  a  series  for  the  logarithm  in  terms  of  its 
corresponding  number. 

This  is  to  find  a  series  for  x  in  terms  of  u  from  the  equation 
M  —  a*  ;  let  u  —  1  +  y,  and  as  before  a  —  \  +  b. 

Then  1  +  y  =  (1  +  £)'; 
.-.  (1  +  y)"  =  (1  +6)~, 

n  being,  as  before,  entirely  arbitrary  ;  hence,  expanding  by  the 
binomial  theorem,  we  have, 


*      •      W  •      •      W 

or,  striking  out  1  on  each  side  and  dividing  by  w, 

n  —  1        ,    (n—  1)  (n  —  2) 
'^  +  772^    +  1.2.3        ^  +  & 


Let  n  =.  0  ; 

y*      y*       o  7       xW      xbz      -_ 

.'-  ^  -      +    -  -  &c-  =  *  6  -  -      +  -      -  &c. 


=  y&^;  by  Art.  191  (a). 
hence  x  =  Log  (1+  y}  =  ^y  -  ^  +  |  -  &c.|- 


or,  in  terms  of  M,  which  =  1  +  y, 

1  ^/         ^       («  -  I)9    ,  (w-  I) 
a;  =  Log  u  =        («  -  1)  -     --  -  +    —  —  ^ 


(a).     We  may  find  such  a  value  of  the  base  a  as  will  render 
the  quantity  •=•  unity. 

K 

Let  e  be  this  value,  then 


e*  =  1  +  k  x  +  — -x*  +  &c. 

1   •  <w 
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Let  k  r=  1,   and  since  this  expansion  is  true  for  all   values 
of  x  we  may  suppose  x  —  1,  likewise ; 

.-.  *  =  1  +  I  +  -i-  +    -    \        +  &c.  =  2,7182818, 

1    •  9  1    •    A    *  G 

as  this  is  not  an  exact  number,  it  will  be  convenient  to  denote  it 
by  e,  its  incommensurability  with  any  other  number  may  be  thus 
proved. 

We  have  e  —  2  =  — -  +  - — - — -  +  &c. 

1  .  —         1  .  2  .  o 

this  series  is  evidently  less  than  the  series 

1  1        1 

2  +  2^+2^+&C' 

which  last  is  a  geometric  series  whose  sum  is  1 ;  hence  e  is  greater 
than  2,  and  less  than  3  ;  secondly,  the  value  of  e  cannot  be  ex- 
pressed by  any  finite  fraction,  as  -  ;  for  then  we  should  have, 


multiply  both  sides  by  1  .  2  .  3  . . . .  n ; 

.'.  m  .  I  .  2  .  3  . . . .  n  —  1  —  1  .  22 .  3  .  4 n 

1 


=  3.4....n  +  4.5  ----  n  +  &c. 


H 


(n  +  1)  (»  +  2)  T  (n  +  1)  (»  +  2)  (n  +  3) 
as  the  first  side  is  a  whole  number,  the  second  must  be  so  likewise; 
but  the  series, 

1  l 

n  -t-  l  +  (n  +  1)  (n  +  2) 
is  evidently  less  than  the  series 

n~+~l  +  (»  +  I)3  +  (n  +  l)s  "* 

which  last  series  =   -.  therefore  the  second  side  cannot  be  a 
n' 

whole  number,  which  is  absurd. 
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(b).  The  system  of  logarithms  which  has  e,  for  its  base  is 
called  the  Napierien  or  Hyperbolic  system  ;  this  logarithm  of  x 
is  generally  written  Iog.r  ;  any  other  logarithm  of  that  quantity 
being  written  Log  x. 

(c).  Hence  in  the  Napierien  system,  where  u  =  e*,  we  have 
x  log  e  •=.  log  M  and  if  u  be  made  =  e  we  have  x  log  e  —  log  e 
or  a-,  whicli  (in  that  case)  is  the  Napierien  logarithm  of  e  •=.  1. 

k 
(d).     Since  a*  =  l  +  k  x  +  -—  -  #2  -h  &c. 

let  k  x  —  1  ;     .*.  x  =  -  ; 
re 

1  1 

hence,  a*  :=  1  +  1  +  j—  ^  +  &c.  =  e  by  (a) 

/.  ek  —  a;  and,  &  Log  e  z=  Log  a  ; 

/.  A;  =  /*  ^     (the  base  beinff  of  anv  value) 
Log«v 

==  log  a  (when  the  base  =e;  since  then,  log  c=l,  by  (c);) 

195.  To  find  a  converging  series  for  a  logarithm  in  terms 
of  its  corresponding  number. 

(By  Art.  194)Log  (1  +  y)  =  ~^/  -  -|  +  |'  - 

fory  write  •—  y; 

1C  vz       v3 

.'.  Log  (l-y)=s-|r-      --y   -  &c. 


i  +  y      b 
assume,-;  -  *  =  - 

i  -y     c 


from  which  equation,  y  —  = 

o 


U   T  ** 

2  ib—c       l/b  —  c\3       1  /&  —  c\5      -      > 

.'.log  6  —  loffc  =  r-<£ h  -I  j 1   +  —  I  T-r"  /   +  &C-C 

k  lb  +  c       3\b+c/        5  \6  +  cX  > 

a  series  by  which  log  b  may  be  calculated  from  the  logarithm  of 
another  quantity  c;  when  the  difference  between  6  and  c  is  small, 
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tliis  series  is  very  convergent,  if  they  be  consecutive  numbers  as 
n  and  n  +  1,  we  have, 

Log(»  +  l)  =  Log,«+ 


196.     We  may  obtain  other  series  for  the  computation  of 
a  logarithm  in  terms  of  its  number; 

since  (Art.  194)LogM-l  J(M-!)-  ("  ~  1)9  +  —-^-cfec* 


2 
i 
for  u  write  um ;  then, 


(«"-  1)  --      —  +  &c. 

In  this  series,  if  u  be  >  1  \ve  may  always  assume  m  so  large 

i 
that  um  —  \  may  be  a  very  small  quantity  ;  and  in  that  case  the 

series  will  rapidly  converge  ;  the  arithmetical  operations  which  it 
involves  are  however  too  laborious  for  practice*. 

*  The  following  is  the  method  actually  employed  in  the  calculation  of 
logarithms  of  high  numbers, 

Since  by  the  Calculus  of  Finite  Differences 

x  (x  —  1) 

" 


o  n 

Let  un  =  log  «,  a  quantity  previously  calculated 
Un+t   =  log  (»  -j-  «)  ......  to  be  found 

here  »  is  supposed  a  large  number  and  x  small  in  comparison  with  it  ;  and 
putting  A  =  log  (»  +  !)  —  log  n  ;  £  —  log  («  +  2)  _  log  (»  +  1) 
then  A2  —  A  —  A'  and  we  have, 

a?  f 
log  (»  +  *)=  log  n  +  ^'A—  o^A—  A)  nearly,  by  neglecting   terms 

•      A 

multiplied  by  .r*,  x3,  &c.  as  being  small  compared  with  the  others,  and  neg- 
lecting also,  for  the  same  reason,  the  terms  involving  the  third,  fourth,  &c. 
differences.  [Hence 
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(«).  Many  other  series  may  also  be  obtained  by  assuming1 
different  values  fora  and  b  in  Art.  195.  See  Peacock's  Jl/gebra, 
p.  561. 

197.  The  logarithms  of  numbers  which  are  not  prime,  may 
be  deduced  from  those  of  their  component  factors. 

Thus  let  N  —  arfrcr 

Then  log  2V  —  p  log  a  +  q  log  b  +  c  log  r &c. 

198.  Having  calculated  a  table  of  logarithms  for  a  given 
base  a  they  may  be  changed  to  a  system  whose  base  is  &,  thus, 

Let  u  :=  6%  then  by  definition,  x  is  the  logarithm  of  w  to  the 
base  b. 

Take  the  logarithm  of  this  equation  in  the  known  system, 
where  the  base  =  a ; 

.*.  Log  u  rz  x  Log  b 

...  _.       Log  u  (to  base  a) 

.*.  x  which  =  Log  u  (to  base  o)  =:  ¥        ,  ;. — ; —  —  '. 

Log  b  (to  base  a 

Hence  to  transform  a  system  from  base  a  to  base  b,  we  have 
merely  to  multiply  every  logarithm  in  that  system,  by  the  re- 
ciprocal of  the  logarithm  of  the  new  base  b,  that  logarithm  being 
taken  in  the  given  system  whose  base  is  «. 

(a)  If  the  given  system  be  the  Napierien,  we  must,  to  trans- 
form it  to  base  b,  multiply  each  logarithm  by  . 


Art.  194. 


=  -Art.  193  (a). 

/C 


Hence  if  the  logarithms  of  any  three  consecutive  numbers,  «,»  +  !, 
n  Hh  2,  be  calculated,  we  may  from  this  formula  find  that  of  n  +  x  ;  but  a; 
must  not  be  taken  too  large  compared  with  »  as  in  that  case  the  terms 
neglected  would  produce  a  sensible  influence  on  the  result. 


13(5 


The  quantity  ,     -,  or  r  is  called  the  modulus  of  (he  system  of 

J 


logarithms  which  has  b  for  its  base  ;  and  since  in  the  Napierien 
system  k=  ].,  (Art.  194.  6.)  we  have  loge  =  1,  as  has  been  shewn 
before,  Art.  194  (c). 

199.     The  numbers  selected  for  the  base  of  the  common 
system  of  logarithms  is  10,  let  then 

u=.  10*;  therefore  10nw=  10*+";  and  10^'M=  10*— 

hence  denoting  by  t  log,  the  tabular  logarithm,  where  10  is  the 
base,  we  have, 

t  log  10*  w  =  a?  +  n  =  t  log  u  +  n 
and  /  log—  -  =  ......  t  log  u  —  n 

hence  in  this  system,  all  numbers  in  decuple  proportion  (whether 
whole  numbers  or  decimals)  have  the  same  decimal  part  of  their 
logarithms,  the  only  difference  being  in  the  whole  number  or 
characteristic  prefixed  to  that  decimal  part 

Thus  if  x  —  t  log  1132  =  3,05384 
then,  x  —  2  =  t  log  11,32  =  1,05384 
and  x  —  6  r=  t  log  ,001132  =  3,05384 

where  the  sign  —  is  placed  over  the  characteristic,  to  shew  that 
it  must  be  subtracted  from  the  decimal  part  of  the  logarithm, 
this  is  done  in  order  that  the  decimal  part  of  the  logarithm  may 
remain  the  same,  for  all  numbers  (whether  whole  or  decimal) 
expressed  by  the  same  digits. 

200.    It  appears  from  the  equation  «  =  10*,  that  all  numbers 
between  1  and  .1,  or—-,  have  —  1  for  their  characteristic,  all  be- 

tween, 1  and  .01  ;  —  2  &c.  all  between  1  and  10  have  I  ;  between 
10  and  100,2;  &c.  &c.  for  this  reason  the  tables  give  only  the 
decimal  part  or  "  mantissa"  of  the  logarithms,  as  the  character- 
istic is  immediately  known  from  the  number  of  integral  places. 
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Ex.  1.  Given  the  logarithm  2,9940398  to  find  the  number 
corresponding  ; 

The  decimal  part  of  this  logarithm  belongs  to  the  digits 
98637; 

The  characteristic  2  shews  that  the  number  must  lie  between 
100  and  1000;  hence,  pointing  the  digits  98637  so  as  to  fulfil 
this  condition,  we  have,  2,9940398  —  log  986,37. 

Ex.  2.     To  find  the  logarithm  of,  00053399. 

1  —  log  53399  has  ,7275331  for  its  decimal  part ; 
.'.  log  ,0005399  =  4,7275331. 

201.  The  advantages  of  selecting  10  for  the  base  of  a  system 
of  logarithms  intended  to  facilitate  actual  calculation  will  hence 
be  apparent ;  the  Napierien  logarithms  are  however  always  used 
in  analysis,  on  account  of  their  greater  analytical  simplicity, 

owing  to  their  modulus  (7)  taking  the  form  of  unity. 

202.  Tables  of  logarithms  are  calculated  for  every  number 
up  to  10,000;  but  it  may  happen  that  the  logarithm  of  a  quan- 
tity (as  for  instance  a  mixed  whole  number  and  decimal)  may 
be  required,  when  there  is  no  such  exact  quantity  in  the  tables. 
In    that    case,    suppose    N  the    quantity  whose   logarithm    is 
required ;  and  let  N=  n  +  x,  where  n  is  the  number  nearest  to 
it  put  down  in  the  tables,  and  x  small  with  respect  to  n,  then 

t\og  N—  t  log  (n  +  x)  =  t  log  \n(l  +  -)  > 
=  t  log  n  +  T—  nearly,  Art.  194; 

AT  YV 

neglecting  ^  .  ^  8tc.  as  being  small  compared  with  the  terms 
preserved. 
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Now  if  \ve  make  A  •=.  difference  between  the  logarithm  of 
n,  and  the  logarithm  of  its  consecutive  number  n  +  1  ;  we  shall 
have, 

A-  t  log  (n  +  1)-  t  log  n  =t  log  ^-±J  =Mog(l  +  ••) 

=  j—  nearly  ; 
kn 

.'.  substituting  A  for  r—  we  have  t  log  N  =.  t  log  n  +  x  A, 

which  (since  A  =  t  log-  (n  -f  l)  —  <  log  n,  may  be  found  from 
the  tables,)  will  give  t  log  Nln  terms  of  known  quantities. 

(a)  If  the  converse  be  required,  viz.  to  find  from  a  given 
logarithm    (t  log  A7)  the  number  N  corresponding,  such  given 
logarithm  not  being  exactly  in  the  table?,  we  have 

t  log  N—  I  log  n 
A 

,r  /  log  N  —  t  logr  n 

.:  N  =  n+x=n+  - 

A 

where  t  log  n  (and  .*.  n)  is  known,  as  being  the  nearest  inferior 
logarithm  in  the  tables  to  the  given  one,  t  log  N. 

(b)  We  may  hence  find  the  logarithm  of  a  number  consisting 
of  r  digits,  from  a  table  of  logarithms  constructed  for  five  digits 
only  : 

For,  suppose,  n  =  the  number  consisting  of  the  first  five  digits; 
x  =  ..................  remaining  r  —  5  digits  ; 

N=z  the  number  whose  logarithm  is  required  ; 
Then  N  =  10^5  n  +  x  ;  and  as  before, 

and  t]ogN=t  log  )l0^ 


and  substituting  A  for  r—  , 
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x 
-•jf  log-  N—  t  log  (10r~5  w)  +          ,  very  nearly  ; 

=  r-  5  +  tlogn  +  -=5- 


Let  a  a"  a"  &c.  be  the  several  r  —  5  digits  of  *• 
then  x  —  a!  1  OrH!  +  a"  1  0^  +  Sec. 


t  log  N  =  r  -  5  +  t  log  n  -f  A  +         + 


A  small  table  of  proportional  parts  or  values  of  the  terra  A  — 

for  x  •=.  1,  or  2,  or  3,  up  to  x  •=.  9  when  x  consists  only  of  one 
digit,  is  given  with  some  tables  of  logarithms,  which  greatly 
facilitates  this  calculation.  For  an  example  of  the  use  of  a  table 
of  proportional  parts;  See  Peacock's  Algebra,  p.  565,  Also 
"Library  of  Useful  Knowledge,  Arithmetic  and  Algebra"  arts. 
240  ;  242 ;  in  which  last  work,  the  student  will  find  an  excellent 
practical  treatise  on  the  nature  and  uses  of  logarithms. 

(c)  The  following  is  an  example  of  the  application  of  loga- 
rithms, which  from  the  principle  it  involves  may  properly  find  a 
place  here. 

To  find  the  state  of  population  in  a  country  after  any  time, 
under  given  circumstances  of  births  and  mortality. 

Let  P  =  population  at  any  period 

-P  =  the  number  that  die  in  one  year, 


in 


-  P  =  the  number  of  births  in  the  same  time. 
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will  be  the  state  of  the  population  at  the  end  of  one  year  ;  sup- 
pose this  =  Pl  then 


mb 

will  be  the  state  of  the  population  at  the  end  of  two  years. 
Similarly,  after  n  years,  the  state 


Hence,  log  A  =  log  P  +  n  log  (l  +  -  -^-  J 
=  IogP  +  nlog 


putting  -  for  the  fraction  -  —  j—  ,  which  is  always  known  under 
p  mb 

given  circumstances  of  births  and  mortality  ;  and  any  three  of 
the  quantities,  A,  P,  n,'  or  —being  given  the  fourth  may  be 
found. 

For  some  numerical  examples  in  this  theory,  See   Bridge's 
Algebra,  p.  220. 
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CHAPTER  XIV. 


ON  THE  CALCULATION  OF  INTEREST  ANU  OF 
THE  VALUE  OF  ANNUITIES. 

DEF.  1.  Interest,  is  the  value  of  the  use  of  money;  and 
this  value  is  defined  by  a  certain  sum  (called  the  rate  per  cent) 
which  is  paid  for  the  use  of  every  ^100.  for  a  certain  definite 
time  ;  generally  one  year. 

DEF.  2.  The  whole  sum  which  bears  interest  is  called  the 
principal. 

DEF.  3.  Simple  interest  is  the  interest  of  the  principal 
alone. 

DEF.  4.  Compound  Interest  is  the  interest  of  the  principal, 
together  with  that  of  the  interest  added  to  the  principal  as  soon 
as  it  becomes  due. 

DEF.  5.  The  Aniount  after  any  time,  is  the  principal  added 
to  the  interest  that  has  accrued  during  that  time ;  it  is  therefore 
the  whole  sum  then  due. 

203.  The  following  notation  is  employed  to  denote  these 
quantities.  Simple  interest  (i);  compound  interest  (/);  principal 
(P) ;  amount  at  simple  interest  (m);  amount  at  compound  in- 
terest (M)  ;  interest  of  £1.  for  one  year  (r) ;  time  during  which 
the  interest  accrues  #). 
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204.     To  find  the  amount  of  a  given  sum  in  any  time  at 
simple  interest. 

Now,  interest  of  £l.  for  one  year  =  ?• ; 
.'.  interest  of  £P  for  one  year  =  Pr; 
two  years  =  P  .  2  r 

&c.  &c.         =  &c. 

And  generally  interest  of  £P  for  t  years  =z  P  r  t  =  z ; 

.-.  m  =  i+  P(Def.  5.)  =  Pr  t  +  P  =  P(l  +  r  *). 

(a).  Hence  any  three  of  the  quantities  m,  r,  t,  or  P  being- 
given,  the  fourth  may  be  found  from  the  equation 

ro=  P(l  +  r  t). 

(b).     Since  r  is  the  interest  of  £1.  for  one  year ; 
.*«  1 00.  rr=  interest  of  £  100.  for  one  year  =  rate  per  cent.  (Def.l.) 

rate  per  cent 
.*.  r  =  t-    . 

100 

205.  To  find  the  amount  of  a  given  sum  at  compound 
interest. 

Let  R  =:  1  -fr=£l.  together  with  its  interest  for  one  year. 

Then,  amount  of  £P  at  the  end  of  one  year  =  P  (1  +  r) 
Art.  202.  This  amount  then  becomes  the  principal  upon  which 
interest  is  to  be  calculated  for  the  ensuing  year,  (Def.  4) ;  so 
that  writing  P  (1  +  r)  for  P,  we  shall  have,  amount  at  the  end 
of  the  second  year  =  P(l  +  r)8;  and  generally  at  the  end  of 
the  £th  year  | 

M=  P  (1  +  r)'  =  PR1  where  R  =  1  +  r  =  £l.  together  with 
its  interest  for  one  year. 

(a).  Any  unit  of  time,  as  a  day,  a  month,  &-c.  may  be  selected 
as  well  as  a  year  for  the  periodic  times,  at  the  end  of  each  of 
which  interest  is  to  become  due,  and  the  reasoning  will  be  the 
same  as  before,  so  that  t  may  signify  either  a  certain  number  of 
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years,  or  a  certain  number  of  parts  of  a  year,  the  interest  of  £lr 
for  the  given  unit  of  time  being,  in  that  case  substituted  for  r. 

(ft).  Hence  if  compound  interest  be  calculated  for  every 
—  ^  part  of  a  year,  r  retaining  the  same  value  as  in  Art.  203,  we 
shall  have  the  amount  at  the  end  of  the  year,  or, 

M- 


If  n  be  infinite,  or  compound  interest  be  allowed  for  every 
indefinitely  small  portion  of  time  this  series  becomes 

P   (l  +  r  +  -^-2  +  r-^-3+  &c.)  =  Pe*  (Art.  194  (a).) 

(c).     If  the  amount  be  required  for  t  years  and  the  —  th  part 

of  a  year  ;  we  have,  amount  at  the  end  of  t  years  =.  PR'  =:  Pt 

t 
suppose  ;  then  if  x  be  the  amount  of  Pt  for  the  -th  of  a  year  that 

is,  the  whole  amount  required,  we  shall  have, 

i 
x  —  Pt  (1  +  r)  »  by  (a), 

as  r  remains  here  unaltered  ;  because  each  periodic  time  for  pay- 
ing the  interest  is  still  supposed  to  be  one  year,  and  not  any 
fractional  part  of  a  year  as  in  (6) 

.'.  x  =  J\  R1  =  PRt  Rn  =  PR~- 

(d)  From  the  equation,  M—  PR1,  we  get, 

log  M  =  log  P  +  t.log  R, 

whence,  any  three  of  the  quantities  M,  P,  t,  R,  being  given,  the 
fourth  may  be  found. 

DEF.  6.  Discount  is  an  allowance  made  for  the  payment  of 
money  before  it  becomes  due. 
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206.  Hence  the  sum  paid  immediately,  ought,  when  im- 
proved by  being-  placed  out  to  interest  in  the  meantime,  to  be 
equal  to  the  sum  (A}  due  at  the  appointed  future  time  (t),  and 
the  difference  between  these  two  sums  is  the  discount. 

(1).     Discount  at  Simple  Interest. 

Let  a  =:  sum  paid  immediately,  then  its  improved  value  at 
the  end  of  the  time  t  =  a(l  +  rt),  Art.  201. 

^ 

..'.  o(l  -f  rt}-A-,  and  a=  » 


hence,  discount  =  A  —  a  =  A  —  -  =  -  7  . 

1  +  r  t       1  +  r  t 

A 

(a).     Hence  a,  or  -        —  ,  is  the  present  value  of  a  sum  A 
\-\-rt 

due  at  the  end  of  the  time  t. 

(b).  In  practice  the  interest  of  the  sum  A  for  the  time  t  is 
generally  taken  as  its  discount  for  the  same  time,  this  gives  an 
advantage  to  the  person  paying,  as  he  deducts  the  interest  of  A, 

A 

the  sum  due  at  a  future  time,  instead  of  the  interest  of-  --  -. 

1  +  rt' 

its  present  value,  but  on  the  other  hand  the  person  receiving  is 
freed  from  all  uncertainty,  or  risk  of  a  bad  debt. 

(2).     Discount  at  Compound  Interest. 

Here,  improved  value  of  a  =  a  R'  =  A  ; 
A  /          1 


/          1  x 
/.  a  =  fit  and  discount  •=.  A  —  a  =  A  (  1  —  w,  )• 

A 

In  this  case,  as  before,  a  or^is  the  present  value  of  a  sum 

A  due  at  the  time  t. 

(c).     If  compound  interest  be  substituted  for  discount  we 
have  its  value  :=  amount  —  original  sum 

A=A(R-  l). 
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EQUATION  OF  PAYMENTS. 

207.  A  owes  B  the  sum  of£P.  due  at  the  end  of  the  time 
t,  and  £P'  due  at  the  end  of  the  time  t'  ;  to  find  at  what  time 
the  whole  sum  P  +  P'  must  be  paid  at  once,  so  that  neither 
may  be  a  loser. 

(1).     Simple  Interest. 

Let  a:  be  the  time  required,  then  Interest  of  £P  for  time 
*  —  t  =  discount  of  £  P'  for  time  t  —  x; 


or  (by  last  Art.)  Pr  (,  -  0  =  T, 

which  is  a  quadratic  equation  for  determining1  x. 

(a).  In  practice,  interest  is  substituted  for  discount,  in  which 
case  we  have,  interest  of  P  for  time  x  —  t  =  interest  of  P'  for 
time  t'  —  x 

or,  -P  r  (x  —  0  =  P  '  r  (f  —  x) 
Pt  +  P'V 


whence  x  = 


P  +  F 


(6).  Similarly,  if  a  third  sum  (P") ;  a  fourth  (P'")&c.  were 
due  at  the  times  t",  t'"  &c.  the  equated  time  of  payment  for  (he 
whole  sum  would  be 

Pt  +  Ft'  +  P"  t"  +  P'"  t'"  +  &c.  , 

P  +  P1  +  P"  +  P'"  +  &c. 

(2).     Equation  of  Payments  at  compound  interest. 
Here,  interest  of  P  for  time  x  —  t  =  P  (R1'1  —  1 )  Art.  204  (c). 

Discount  of  P' t'  —  x  —  P'(  1  — jtt1-*  )' 

.-.  P(R*~t  -  \)-F  (\  -.._J_)  -p-  Rtftt~  } 
or  P  (W-*  -  R*'-*)  =  P  (R1-*'  -  1) 

T 
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that  is,  P  +  PR*-*  =  (P  +  P')  R"~' 
whence,  taking  the  logarithms  and  transposing, 

log  (P  +  p)  +  f  log  R  -  log(F  + 
\oSR 

log  (P  +  P)  -  log  (M1  +  P1) 

log* 
where  M'  ~  PR'-'1  —  amount  of  P  for  time  t  —  t'. 

ON  ANNUITIES. 

208.     Tojlnd  the  amount  of  an  annuity  (A)  left  unpaid 
for  i  years. 

(1)     Simple  Interest. 
1st  Annuity  bears  interest  for  t  —  1  years,  and  its  amount 

=  A  (I  +r.t~\) 
2nd  ..................  t—  2  ......  =  A  (1  +  r.t  —  2) 

3rd    ..................  f  —  3  ......  =  A  (1  +  r.t  —  3) 


...............  1  ..........  =  A(\  -|-r) 

/th  ...  .................  0  .........  =  A; 

.'.  whole  amount  =  t  A  +  Ar  (1  +  2  +  3...,  ____  f  —  I) 

'       ' 


(2)     Compound  Interest. 

1st  Annuity  bears  interest  for  t—  1  years  and  its  amount  '= 
2nd  ........................  t  -  2  ...........  = 


1  ................  =  AR 

0  ................  =  A- 


.-.  whole  amount  =  A  (1  +  R  +  R*  ....... 

Rt  -  1 
•R~^l 

by  the  summation  of  a  Geometric  Progression. 


209.     To  find  the  present  value  of  an  annuity  to  continue 
for  t  years. 

(1)  Simple  Interest. 

Present  value  of  1st  annuity  =  A- — — ^Art  203.  (a). 

2nd  .         .  =  A 


2r 


=  A      ' 


1  +  tr 
.'.  present  value  of  whole  annuity 

-A       ~~+  &c- 


(a)  The  present  value  of  an  annuity  estimated  at  simple 
interest,  is  sometimes  defined  to  be,  that  sum,  the  improved 
value  of  which,  would  in  the  given  number  of  years,  be  equal 
to  the  amount  of  the  annuity  ;  if  P'  be  the  present  value  on  this 
hypothesis  we  have;  Art.  206,  improved  value  of  P1  =  P  (\  +  tr) 


1  _*  • 

1   +  rt 

but  this  is  not  the  present  value  of  the  annuity,  but  the  present 
value  of  its  amount.  See  "  Wood's  Algebra,"  Art.  406.  Also 
the  treatise  on  Algebra  in  the  "  Library  of  Useful  Knowledge," 
Art.  308. 

(2)  Compound  Interest. 
Present   value  of  1st  annuity  z=  ^  Art.  204.  (2). 

A 
2nd =  -rz 


/.present  value  of  whole  annuity  =  A  (  —  +  — +IT,  I 

V  it       R  fC l  s 

which  is  a  geometric  progression  of  which  the  first  term  is— > 

It 

the  number  of  terms  t,  and  the   common  ratio  ^,  hence 

Jtt 

K  *7i*"~ R  f?'"""  *"~H* 

present  valuer:  A  . =  J_ —   A —  • 

_i_  1  — B"   *  Jl—  1 

R 
(b)  To  find  the  present  value    (P1)  of  the  amount  of  the 

annuity;  we  have,  improved  value  of  P'  =  amount  of  annuity 

or,  P'  R<  =  A 


R  -  \ 
1 


.:P'=A. 


R-  1 

which  agrees  with  the  present  value  of  the  annuity  found  above  ; 
as  it  manifestly  ought;  although  when  calculated  at  simple 
interest  these  conclusions  differ. 

(c)  Any  three-  of  the  quantities  P,  A,  R,  t,  being  given,  the 
fourth  may  be  found  from  the  equation 


p  -A 

1 


- 

R  -1 

(d]  The  present  value  of  an  annuity  to  commence  at  the  end 
of  t1  years,  and  to  continue  for  #2  years  =  present  value  of  an 
annuity  for  tl  +  t2  years  —  present  value  of  an  annuity  for  £ft 
years  ;  which  may  be  calculated  on  the  preceding  principles. 

(e)  If  an  annuity  (A)  be  payable  inn  instalments  during  a 
year,  the  amount  of  such  an  annuity  will  be  the  same  as  the 

A 
amount  of  an  annuity,  each  of  whose  payments  is  —  ,  the  rate  of 

TO 

interest  r»  and  the  number  of  years  n  t,  hence 
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amount  =  -    — — Art.  205.  (2) 


also  present  value  =       _  Ji±El  Art>  209< 


n 
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CHAP.  XVII.     SECTION  I. 

THE    GENERAL    THEORY    OF    SERIES. 


ON  RECURRING  SERIES. 

210.     To  develope  in  a  series  involving  ascending  powers 
o/x  the  fraction  «o  +«« '+«,»'+ +  f*-,  *»" 

J_|_   \^   x  4-   D   Xa  4-    ......   4-  D    Xn 

A              Q0  -{-  a,  x  +  &c.  +  a«-.i  xn~^ 
Assume,  -r~^f~     — «- 7      , — 

=  A0  +  ^4j  x  +  Az  xz  + +  AH  x" . . . .  (a), 

where  the  co-efficients  AQ  ,  A^  &c.  remain  to  be  determined ; 
then  by  multiplying  by  10  +  bl  x  +  &c.  we  have, 

a0  +  «j  x  4-  &c.  +  ctn-i  ^n~1 
2  ^2  +  &c.  +  An  x" 

+  &c. 


+  bHA0xn  +&c. 

whence  we  have,  by  equating  the  co-efficients   involving  the 
same  power  of  x  (Art.  183) 

•^o  =  ao 
At  4-  /'t  A0  =  a, ;  whence,  .-/,  —  flj  —  &!  ^0  =  «x  —  6j  a0 ; 
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and  generally,  we  have  from  the  co-efficient  of  x* 

0=An  +  b1A,t_l  +  b.!An^  +  &c.+  b^Ai  +  bn^o (a); 

which  is  an  equation  giving  the  value  of  any  co-efficient  An,  in 
terms  of  the  preceding  co-efficients  -An-i»  ^n-2>  &c. 

(a).  Jf  we  put  un,  un..v  &c.  for  the  terms  of  the  series,  we 
shall  have 

un  =  An  xn;   M«_,  —  An_i  xn~l;  &c. 

whence,  multiplying  equation  (a)  by  xn  and  transposing,   we 
obtain, 

un  =  —  &j  Mn_,  a:  —  J2  r/n_s  x*  —  &c.  —  6n  u0  xn. 

(6).  Series,  similar  to  the  above,  in  which  any  term  as  un, 
may  be  deduced  from  those  which  precede  it,  by  multiplying 
those  terms  by  a  certain  invariable  quantity  are  denominated 
"  Recurring  Series."  The  invariable  quantity,  as 

~  &i  —  bz  ~  &e*  —  &» 
in  the  above  example,  being  called  "  the  scale  of  relation." 

211.  Every  recurring  series  may  be  resolved  into  a  certain 
number  of  geometric  series. 

For  every  recurring  series  arises  from  several  fractions  having 
a  common  denominator  of  the  form 

Z»0  +  bl  x  +  lz  xz  +  &c.  +  bn  x» 
the  numerators  being  a0  ;  al  x  ;  at  x* ;  &c.  Art.  210  (6)  ; 

and  each  of  these  fractions  may  again  be  resolved  into  others  of 
the  form 

L  M  k 

&c.  or  .     .    .    N.  &c. 


1  +«*'  1  +£*  (1 

each  of  which  last  is  the  generating  fraction  of  a  geometric  pro- 

k 
gression,  Art.   121  (a);    such  a  term  as  . — -   being  the 

(1  -\-  j  x) 

product  of  n  geometric  progressions. 
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212.  To  find  the  general  term  of  a  recurring  series,  we 
must  resolve  it  into  its  component  geometric  series,  and  find  the 
general  term  in  each. 

Ex.     Given  the  series, 


n 

(••+•»>+!«•+ 

9    .     4 
4 

1 

&c.  =  - 

2  +  A"  +  a:2 

>  -  x  —  2  *'  +  a! 

the  scale  of  relation 

being 

o 

L    ,3 

"  2* 

1 
^~  x~  +  2X  ' 

Now, 

2  -f  a;  +  x* 

2 

i 

8 

2  —  A-—  2#*  +  xs       1 

•f1 

1  +  x 

^  —  X 

each  of  which  fractions  generates  a  geometric  progression,  the 
sum  of  whose  general  terms  is 


which  is  therefore  the  general  term  of  the  series. 

213.  The  sum  of  a  recurring  series  may  be  found  by  taking 
separately  the  sum  of  its  component  geometric  progressions,  and 
then  adding  those  sums. 

214.  Having  given  a  recurring  series,  to  find  the  geome- 
tric progressions  of  which  it  is  composed. 

Let  the  unknown  ratios  of  these  progressions  be  r,,  r2,  ry  &c. 
and  their  first  terms  ar  a2,  a3  &c.  then  the  co-efficient  of  the 
general  term  of  the  recurring  series  is 

An  =  QI  rn  +  a2r2»  +  asr3n  +  &c. 
—  bL  An_l  —  bsAn,z—  &c.  —  bnA0;  Art.  210. 


Now  if  the  general  co-efficient,  An,  consisted  only  of  one 
quantity  as  a,  ran,  we  should  have,  An,l  —  a1  r^'1;  &c  =  &c. 
and  we  should  have  by  substituting  in  (I)  and  suppressing  the 
common  factor, 
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«!  (rlB  +  ^r^-'  +  6sr1n-2  +  &c.)=  0....(2) 
an   equation  which  would  result  immediately  from  the  given 
scale  of  relation  ;  the  co-efficients  of  /'1n~1,  r^""2  &c.  being  those 
of  the  scale  of  relation. 

Similarly,  if  the  general  term  consisted  of  two  quantities, 
ax  rt«  +  azrzn  ;  we  should  have, 

a^r^  +  bi  r/"1  -H  &c.)  +  a2  (r2«  +  6,  rzn~l  +  &c.)  =  0  ; 

an  equation  which  would  evidently  be  satisfied  by  assuming1  for 
r-j  and  r8  two  of  the  roots  of  equation  (2),  whatever  be  the 
values  of  Oj,  o2,  &c. 

The  same  reasoning1  will  apply  when  the  general  term  of  the 
series  consists  of  n  terms,  as  in  equation  (1) ;  in  which  case  the 
n  roots  of  equation  (2)  would  satisfy  the  resulting  equation, 

«*!  (r^  +  &c.)  +  a2  (rg»  +  &c.)  +  a3  (rs»  -f  &c.)  +  &c.  r=  0, 
when  put  for  r1?  r2,  rs,  &c.  respectively. 

Hence  the  ratios  of  the  progressions  required  will  be  found 
by  finding  the  n  roots  of  equation  (2). 

In  order  to  find  the  quantities  ox,  a2,  &c.  we  have, generally, 

An  =  a,  V1  +  a,  r/-1  +  a3  r,""1  +  &C.  ; 

whence,   A1  =  al  +  a2    +   a3   +  &c.      1 

^2  =   airi   +    aZTZ   +    a3r3    +    &C-    > 
&C.  =  &C.  J 

and  the  quantities  A^  Ay  &c.  are  supposed  to  be  known  from 
the  given  first  terms  of  the  proposed  series;  hence  a,,  a2,  &c.  are 
known  by  elimination. 

Ex.     Given  the  series 

c  7 

-  1  +  g  *  -  4  *2  +  &C. 

whose  scale  of  relation  is  —  i  o;a  +  £  a?,  to  find  the   general 

term. 

u 
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Here  equation  (2)  becomes  rf  +  ^r  —  -  =  0 ;  whose  roots 

are  -  and  —  1 ,  which  are  therefore  the  ratios  of  the  progressions 

required  :  also  we.  have, 

_  5_  1 

•^i  =  —  *  —  ai  +  as >  and>  At  —  2  ~~  £  ttf  ~~  a« » 

from  which  two  equations 

a,  =  1  ;  and  a2  =  —  2  ;  and  An  = 
See  Francceur,  Art.  633. 
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CHAP.  XVII.     SECTION  II. 


THE  DIFFERENTIAL  METHOD  OF  SERIES. 

215.  IF  M;,  «2,  &c.  MB,  be  the  first,  second,  &c.  nth,  terms  of  a 
series,  then  the  quantities  w2  —  wx  ;    u3  —  M2;    un—  Mn-1 ,  &c. 
are  called  the  differences  of  the  quantities  «t,  «2,  &c.  M,,^  ;  and 
are  thus  denoted, 

un  —  ««_!  =  A  wn_j ;  M2  —  Wj  =  A  Wj ;  &c. 

216.  The  differences  of  these  differences  may  also  be  taken 
which  would  then  be  denoted  thus, 

A8Mn  =  AM,,^  —  A  un  ;  &c. 

217.  To  find  a  general  expression  for  the  nth  term  of  any 
series. 

We  have  w2  =  MJ  +  A  ul ;  Art.  215 ; 
also,  us  =  M2  +  A  M2 

substitute  in  this  the  value  of  M2  given  in  the  former  line  ; 

Similarly,  w4  =  uz  +  2  A  M2  +  A2  w2; 
substitute  again  the  value  of  uz ; 

/.XM4=  M1  +  AMX  +  2  A(w,  +  AM,)  +  A2  (M!  +  A  Mt) 
=  w,  +  3  Aw,  -h  3  A2  Mi  • 
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where  it  is  evident  the  co-efficients  will  follow  the  law  of  the 
binomial  theorem  ;  hence,  generally, 

H  («  —  1)  A 

M-n  =  Mi  -f  w  A  w,  +  ~y72~~  A  Mi 

n  (n  —  1)  (n  —  2)  .  ,    s 

+  1.2.3  A    "1  +  &C" 

and  writing  n  —  1  for  n  we  shall  have, 

„.  =  „,  +K. -  0 *„,  +  (— >fr-«)  A-.,  +  A*  . 


Ex.     Required  the  ;jt!l  term  of  the  series,  1,  3,  5,  7,  &c. 
Here,  ul  =  1  ;  A  u1  =  3  -  1  =  L> ;  A«M  ,  •-  0  ; 

218.     7\>  ./?>ic?  //ie  sum  o/a?jy  sen'*?*,  iij ,  us ,  us ,  &c. 
First,  suppose  the  sum  of  the  following  series  were  required; 

0,  Mj,    ttj   4-  M8,    Ul    H  Ue  4-  Ms,   Mj  +  M8  +  M3  +  M4,    &C. 

Then  putting  M0for  0,  and  n  +  1  forn  in  the  last  article,  ob- 
serving that  i/o  is  the  first  term  of  the  series,  we  find  the  n  -f  llth 

term  of  this  series 

/    _  \\ 
=  t/o  -f  n  A  «0  4-  — • — — -  A*  M0  4-  &c. 

that  is,  MJ  4-  Me  +  «3  4-  &c.  to  n  terms 

=  M0  +  n  A  M0  4-  "  "  ~—  As  M0  4-  &c. 

Now  M0  aa  0  ;  A  M0  =  M,  —  M0  =  wt ;  A8  «0  =  A  M!  ;  &c. 

.*.  M,  4-  MS  4-  &c.  to  n  terms 
7>  (n  —  1 )  M  (fo  —  1)  (n  •—  2)    a  o 

I     .    L.'  A  •  • '  •    •   9 

which  gives  the  sum,  not  of  the  series  with  which  we  originally 
started,  but  of  the  scrios. 
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Ex.     Required  the  sum  of  I3  +  23  +  33  -f  43  +  &c.  to  n 


1  ,  8  ,  27  ,  64  ,  125;  .'.  ul  -  1. 

1st  differences  are  7  ,  19  ,  37  ,  61,  ............  A  ul  —  7. 

2nd  .............   12  ,  18  ,  24  ...........  ..  ..A8//!  =  12. 

3rd  ................  6    ,   6  .................  A'MJ  =  6. 

4th  ......  .............  0  ...................  A%  l  =  0. 


sum 


n(n  —  1)          ,   n(n  —  1)  (n  —  2) 
required  =  n  -f  -  -  .  7  +  -  -  .  12 

1.2  1  •  2  .  o 


n(n-l)  (M-  2)  (n  -  3) 
1.2.3.4 


__  n4  -f-  2  n*  +  n"  _  /n  (rc  +  1 ) 
4  "  \ 
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CHAP.  XVII.  SECTION   III. 


ON  THE  METHOD  OF  INCREMENTS. 

219.  A  NY  variable  quantity,  as  the  sum  of  a  series    to  n 
terms,  where  n  is  variable  and  assignable  at  pleasure,  is  called 
an  integral. 

The  magnitude  by  which  it  increases  at  one  step  is  called 
the  increment  of  the  integral. 

220.  To  find  the  increment  of  an  integral,  which  consists 
of  a  number  of  factors  in  Arithmetic  Progression. 

Let  the  integral  be  Sn  =  r  ,  rz  r3  r±  ......  rn^.i  where 

r-j  =  o+  6;  r2=a+26;  »•„_,  =  a  +  n  —  1  b  ;  &c. 

The  succeeding  value  of  this  integral  will  be  r^  r3  ....  rn  the 
increment  is   therefore 
A  Sn  =  S,,+  1  —  Sn  —  rzr3  ----  rn  -  ri  r2  ----  rs_t 


_ 

=  ra  r3  ----  rw.i  («  +  ?^  b  —  a  +  b) 
=  r^rs  ..../•„_!  (n—  I.  b) 

(a)  lfS,t~  i'lrn   ....  rn_,  +   C,  where  C  is  an  invariable 
quantity,  then  we  find  in  the  same  way, 

A  Stt  =  rz  r3  ....  rw-1  (re  —  1  .  &) 
so  that  this  latter  increment  corresponds  both  to 

r1  r2  .  .  .  .  r«_j  and  to  r  ,  r2  ....  rn^j  +  C. 
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(b)  Conversely,  if  we  have  given  an  increment  of  the  form 
'  r2  rs  .  .  .  .  rB-1  we  may  conclude  that  its  integral  is 


T 

'  n-\       .      s-i 


(n-  1)& 
where  C  is  to  be  determined  by  the  nature  of  the  question. 

Hence  the  rule  for  finding  the  integral  of  an  increment  which  , 
consists  of  factors  in  Arithmetic  Progression;  "multiply  it  by 
the  preceding  term  in  the  progression,  and  divide  by  the  number 
of  terms  thus  increased,  and  by  the  common  difference." 

Ex.    To  sum  to  n  terms  the  series  I2  4-  22  +39  +  &c, 
Here  the  increment  of  the  sum 

=  (»  +  I)2  =  n  (n  +  1)  +  n  +  1  , 
hence  the  integral  or  sum  is, 

•          (  »  -  1)  «  (.  +  1)  +  n(n  +  I)  +  c.leta  =  li 

I      2 
.'.  sum  =  —  '-  --  f-  C,  but  in  that  case  ;  Sum  =  1  ; 

.•.(7  =  0;  and  the  sum  of  the  series  to  n  terms 

_  (n  —  1)  n  (n  +  1)        n  (n  +  1)  _  (2  n  +  1)  n  (n  +  1) 
3  2  2.3 

DEF.  Figur  ate  numbers  are  formed  by  making  the  n^  term 
of  any  order  equal  to  the  sum  of  the  first  n  terms  of  the  preceding 
order;  thus  in  the  annexed  table,  35,  which  is  the  5th  term  of  the 
4th  order  =  first  5  terms  of  the  4th  order  3^ 

—  \   +3  +6+10+15 

1st  order,!,  1,  1,  1,  1 

2nd  ____  1,  2,  3,  4,  5 

3rd  ----    1,  3,  6,  10,  15 

4th    ....  1,  4,  10,20,  35 

&C.  &c. 
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221.     To  find  the  sum  ofn  terms  of 'the  mth  order  offigurate 
numbers. 

Sum  of  »  terms  of  the  1st  order  =  n;  .*.  n  +  1  =  increment 
of  the  sum  of  n  terms  of  the  second  order. 

Hence  the  integral  or  sum  of  n  terms  of  the  2nd  order 


2 
=  increment  of  sum  of  n  terms  of  the  3rd  order 


2 
/.  Sum  of  n  terms  of  the  3rd  order  ==  - 


. 

2.3 

„     n  (n  +  1  )  (n  +  2)  ----  (n  +  tn  —  1)  f 

Hence  generally,  —  i—  -  7  =  sum  of 

l*2,o    .•••    Wl 

w  terms  of  the  mth  order. 


222.     To  find  the  increment  of—  -  the  quanti- 

ri  rar3  *  *  *  *  r»-i 


ties  r^jj^-c.  representing  as  before  (Art.  220}  terms  of  an  Arith- 
metic progression, 

1                                      1 
Increment  =  -  _   _   „ — 


r,  r0 r* 


I  ^        ~W-16 

— (a  +  6-, 


(a)     Hence  if  we  have  an  increment  =  -  — -; 

its  integral  will  =  +  C ;  and  we  have 


n— 


this  rule  to  integrate  the  reciprocal  of  a  quantity  which  consists 
of  factors  in  Arithmetic  Progression  ;  "  reject  the  last  term  in 
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the  denominator,  and  divide  by  the  number  of  terms  left,  and 
also  by  the  common  difference  taken  negatively." 

Ex.     To  sum  the  series  - — -  +  - — -  +  - — -  +  &c. 

1  .  o         o  .  5         5,7 

Here  the  general  term  = 


(2n  —  1)  (2w  + 
And  the  increment  of  the  sum  = 


(2  n  +  1)  (2n  +  3)' 

The  integral  of  which  =  — — — — +  C  ,  since  the 

\2n  -p  1 )  x  —  2 

common  difference  is  in  this  case  2  ; 


and  sum  required  = . 

2       4  n+  2 

(a)  Let  n=  oo,  then  sum  adinfinitum  =  -^  . 
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CHAP.  XVII.     SECTION  IV. 


ON  THE  LIMITS  OF  SERIES. 


223.     If  u0  +  u  !  x  +  u2x2  .......  +  un  xn  +  Sfc.  be  a  series 

and  R  the  greatest  inverse  ratio  of  any  two  of  its  consecutive 
co-efficients,  then  will  each  of  its  terms  be  less  than,  or  equal 
to  the  corresponding  terms  of  the  geometric  series 

u0  (1  +  R  x  +  R2x2  +  ........  +  R"  xn  +  &c.) 

For  let  R  =  —  —  be  the  greatest  inverse  ratio  of  two  con- 

Vp-i 

mm 

secutive  co-efficients,  uf  ,  up^  ,  and  let  -      -  be  the  inverse  ratio 

^p—m—i 

of  any  two  other  co-efficients. 

Then  by  hypothesis  —  L  R  ; 

M0 

U+LR; 
"i 

&c.  L  &c.  ;  until  we  come  to, 
-^=  L  R', 


and  by  multiplying  these  inequalities  together,  we  have, 


;  or,    Z=*  L 

MO 
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that  is,  the  term  up^m  is  less  than  the  corresponding  term, 
of  the  geometric  series. 

Similarly,  by  multiplying  together  the  factors 

-'  L  R-,  -*•  L  R;  &c.  up  to,  ^~  /2;  and 

**o  U 1  Up^ 

U-?*  L  R:  &c.  up  to  -^tt-L.  L  R\ 

«*•  91 

um~ 


we  may  prove  that  up+m  is  L  MO  Rp+m. 

Urn 

=,  sec.  up  to 

Ut  U2   ....  Um  __  Um 


(a).     If  r  =  -l  =  ^  =  &c.  up  to 

Mc 

Then  rm  = 


and  if  this  hold  until  m  =  w  ;  in  that  case  the  corresponding 
terms  of  the  two  series  are  equal  as  far  as  the  wth  term. 

224.     If  r  be  the  least  inverse  ratio  of  any  two  consecutive 
co-efficients  of  the  series 

«0  +  Mt  Of  +  UZX*  ......    +  UnXn  +  &C. 

we  may  shew  by  a  proof  precisely  similar  to  that  in  the  last  Arf.^ 
that  each  of  the  terms  of  the  series  are  severally  equal  to  or  greater 
than  the  corresponding  term  of  the  series 

M0  +  UQ  r  x  +  M0  r2  xz  ----  +  U0r*xn+  &c. 

Hence  the  three  following  series  are  arranged  in  the  order  of 
their  magnitude  ; 

° 


nxn  +  &c.  ad  infinilum  (  —     __ 


MO  +  w^-f  w2#2..  .  .  +unxn  +  &c.adinjinitum(:=.  S.  suppose  ; 


«o  ^-  UQTX  +  UQ^x1  .  .  .  .  +  u0rnxn  +  &c.  ad  infinitum  (  —  -  -  — 

x,          A   "^^   /  •* 


7/  7/ 

and  since  8  is  intermediate  in  value  between  ,  —  ^=  —  and  -  —  - 

I  —  Rx         1—  rx 
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(when  r  x  and  Rx  are  less  than  1,  Art.  121)  it  differs  from  either 
of  them  by  a  quantity  less  than 

UP  MO  (R  —  r)x 

l-Rx       l-rx"     °(l  -Rx)(l  -roc}* 

(a).  If  the  series  MO  +  ui  x  +  &c.  do  not  begin  to  converge 
until  after  the  pih  term,  then  if  SP  be  the  sum  of  the  first  p  terms 
we  may  find  the  limits  of  the  whole  series,  by  finding,  as  before, 
ihose  of  up{. l  xp+l  +  Up+t  a?*z  +  &c.  which  will  be 

and 


1  —  R  x          1  —  r  x 

Ex.     To  find  the  Untiling  series  of  (I  +  x)". 
The  inverse  ratio  of  any  two  consecutive  terms  is 
UJL        n-p+l    _  n_±\  bej 

Uf,l  p  P 

Now  this  decreases  as  p  increases,  and  vice  versa;  when 

»  =»  •  then  -^L.  =  —  1  which  is  therefore  the  value  of  r; 
»/ 

•V-1 

Again,  the  least  value  of  ^  is  when  p  =  1  in  which  case 


which  is  therefore  the  value  of  R; 

Hence  the  series  for  (1  +  x}*  differs  from  either 

_L_  or  5-!- 

1  —  nx         i  +  x 

(n  +  l)x 
by  a  quantity  less  than  ^-— \n~+ — V 

225.  A  series  becomes  convergent  as  soon  as  any  term 
Up  a?  becomes  L  «,,_,  xp~l;  if  then,  we  equate  these  terms,  the 
whole  number  equal  to,  or  next  greater  than,  p,  will  give  the 
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term  where   the   convergency  commences ;    for  the   series  for 

xn                /n  +  I       ,\  n  +  I 

(I  +  x)n  we  have!  — I  1  x  —  1  ;  whence  p~~    — - . 

x 
226.     To  find  the  limits  of  the  series 

I,  xt+l    4.   u  Kl+2   _l_   &C 

"  f_L.   1       ^  t^  t±Q  T^       \^*V^« 

where  u,^  ur+0  &-c.  are  ^e  t  -f  1  ]th  t  +  2]th&c.  co-efficients 
of  (I  -  x)\ 

Here  -the  inverse  ratio  of  any  two  consecutive  co-efficients,  as 

Up    .         n  —  p  +  I        n  +  1 

— ^-is  = 


P  P 

which   (as  before)  is  greatest  when  p   is  least ;  that  is,  when 

p  =  t  •  therefore  R  —   — 1  }  and  r  —  —  1  ; 

Hence  the  sum  of  the  series  H,+  I  xt+l  +  u,+2  x^z  -f  &c.  is 
included  between  the  limits 

j-^and     " 
or  between,  ^~^~  and 


l-Rx' 

u. 


(a).  Let  St  be  the  sum  of  the  first  I  terms  of  the  series  for 
(1  +  x)n;  then  the  above  are  the  limits  of  St  +  ut+l  xt+l  +  &c. 
and  therefore  w,+  1a;<+1  +  &c.  differs  from  £,  by  a  quantity  less 
than 


n  +  1 

,_r__.  ^_     /»* 


=  v 


'+1 


Ex.    To  find  within  what  limits  of  error  the  square  root  of 
5  is  given  by  the  first  five  terms  of  the  series  2  *  / 1  +  -  . 
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The  sixth  term,  or  M,+  I  =  ,0000534,  nearly; 
/.  the  first  five  terms  which  are  =  2,23.6026,  exceed  the 
by  a  quantity  less  than 


,0000534  .  x 


See,  Peacock's  Algebra,  p.  290;  whence  the  above  theory 
has  been  principally  taken. 
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CHAPTER   XVIII. 


ON  THE  EXPANSION  OF  A  MULTINOMIAL. 

227.     To  find  the  general  term  of 

(a  +  b  x  +  c  x2  +  d  x3  +  &c.)" 
Now,  e*****"*-*"  -  e"  .  e**.e"z  .  &c.  or  expanding,  Art.  191. 

(a  +  bv  +  ex2  +  &c.)2 


|^  \  I  t*f+-*rm  j 

+ 


I  1.2 

(a  +  b  x  +  c  a:2  +  &c.)n 


The  multiplication  of  the  factors  composing  the  last  side  of 
this  equation  will  produce  terms  such  as  the  following  one 


1.2 a'1.2 ft'  I  .2 y    1.  2 8 

and  the  terms  of  the  same  denomination  on  each  side  of  the 
equation  must  be  equal,  hence,  we  shall  have 

(a  +  bx  +  ex*  +  dxz  -f-  &c.)n 

1.2.3 n 

equal  to  the  sum  of  all  such  terms  as  that  above ;  subject  to  the  re- 
striction that  the  whole  index  of  each  term  =  n ;  hence,  the  general 

term  of 

.   1.2.3 n  x  a*  .  W  .  c* .  &c. 
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(a)  If  it  were  required  to  assign  the  co-efficient  of  x¥  we 
should  have  /3-f  2  y  +  3  £  +  &c.  —p  and  this  equation  must  be 
satisfied  in  every  possible  way,  in  other  words,  the  number  p 
must  be  broken  into  parts,  ft,  2  y,  3  S,  &c.  (not  exceeding  n  in 
number)  in  every  possible  way  between  1  and  the  highest  power 
of  x  which  enters  into  the  multinomial  to  be  expanded;  the 
numbers  in  these  several  fractures,  will  correspond  to  the  several 
particular  terms  which  make  up  the  whole  co-efficient  of  xp. 

(b~)  If  the  given  multinomial  were  (a  +  b  +  c  -f-  d  •{•  &c.)* 
its  general  term  would  be,  simply 

1.  2  .  3  ____  n  x  a*!/  c1  d*  &c. 


_ 
1.2  ----  a  X   1.2  ----  /3  x   1  .  2  .....  y  x  1  .  2  ----  3  &C.  ' 

where,  a  +  /3  +  y-fc>  +  &c.  ==  n. 
Ex,    1.     To  find  the  term  of  (a  •+•  b  +  c)10  involving  a5  b*cz. 

Here  n  =  10;a=5;/3  =  3;X=2, 
and  the  term  required  is  therefore 

1.2.3.          .  1  0  .  a5  b3  c2 


1.2.3.4.5X1  .2.3  X  1.  2 


=  2520  a563c2. 


Ex.  2.     To  find  the  co-efficient  of  #3  in  the  expansion  of 

(a  +  bx  •+•  ex'1  +  dx*  +  &c.)n. 
Here  we  have  /34-2y  +  3S=3; 
This  equation  may  be  satisfied  in  the  three  following  ways ; 

0=0;  y=0;  3=1;} 
0=  1;  y=  1;  3=0;  £ 
0=3;  y=0;  2=0;) 

And  since  the  whole  index  of  any  term  must  =  n ;  we  have, 
corresponding  to  the  last  three  sets  of  equations,  the  three  fol- 
lowing for  the  simultaneous  values  of  a; 

a  +  1  =  n ;     .'.  a  =  n  —  1  ; 

a+l  +  l  =  w;      .*.   a  =  w  —  2; 

a  4-  3  =  n ;     .'.  a  =  n  —  3  ; 
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Hence  the  term  required  is, 
as        w?  a""'rf  -i-  a"'3  be 


1  .2.3-...".  (w—  3)  x   1.2.35 

(  ,  n(n  —  l)(w  —  2)    R_, 

=s  ^«  a'  J  a  +  w  (»  —  1)  a"~*  b  c  +  — j-^ a"  • 

L  1.2.3 

For  more  examples,  see  Peacock's  Algebra,  p.  301. 


226.      To  y»«/  the  number  of  terms  of'  the  expanded  poly- 
nomial (ax  +  »2  +  as  ......  am)". 

The  number  of  terms  of  («,  +  «2)re  is  «  +  1  ;  Art.  138  (a), 
Again, 


M:  ,  «„  ,  &c.  being  the  co-efficients  of  the  binomial  theorem. 
Now  by  the  first  case,  number  of  terms  in  (ax  +«a)"  =«  + 


(a1+a2)"-2=»-l 


a3  =  l 
Hence  the  whole  number  of  terms  in  (ax  +  aa  +  «3)"  will 


the  sum  of  the  series  1,  2, n,  n  +  1,  = 

Similarly, 


+  • 
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and,  by  the  last  case,  number  of  terms  in 

(n  +  1)  (n-f  2) 


n(n  +  1) 

y-i=     \  ^ 


n  — 


(a,  +  a,  +  as)  =  3 


Hence  the  whole  number  of  terms  in  (a,  -f  a,  +  a,  +  a4)B 
will  equal  the  sum  of  the  series, 

n  (n  +  1)    (n+  l)  (n  +  2)  _  (n  +  l)(n  +  2)(n  +3) 
1.2'  1.2  1.2.3. 

Generally,  when  we  have  m  terms  in  the  polynomial,  the 
process  will  evidently  be  the  same  as  that  of  finding  the  n+  l[th 
term  of  the  mih  order  of  Figurate  numbers  ;  p.  159. 

Hence,  No.  of  terms  in 

_  (n+  l)(it+2)....  (n+m-\) 


(a1+at  H- 


1.2.3  ....  (m-1 


(a).  From  what  has  preceded,  it  is  manifest  that  the  last 
formula  expresses  the  number  of  ways  in  which  a  number  (n) 
may  be  broken  into  two,  three,  four,  &c.  or  m  parts  between  0 
and  m  inclusive. 
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